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Abstract 

This is a foundational paper on flows of G2-structures. We use local coordinates to describe 
the four torsion forms of a G2-structure and derive the evolution equations for a general flow 
of a G2-structure (p on a 7-manifold M. Specifically, we compute the evolution of the metric g, 
the dual 4- form tp, and the four independent torsion forms. In the process we obtain a simple 
new proof of a theorem of Fernandez- Gray. 

As an application of our evolution equations, we derive an analogue of the second Bianchi 
identity in G2-geometry which appears to be new, at least in this form. We use this result to 
derive explicit formulas for the Ricci tensor and part of the Riemann curvature tensor in terms 
of the torsion. These in turn lead to new proofs of several known results in G2-geometry. 
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1 Introduction 



1.1 Overview 

This work can be considered as a foundational paper on geometric flows on manifolds with G2- 

structure. This article also serves a second purpose, which is to collect together many useful iden- 
tities, relations, and computational techniques for manifolds with G2-structure, some of which have 
never before appeared in the literature, although they may be known to experts in the field. 

Most research in geometric flows, such as Ricci flow or mean curvature flow, is done using local 
coordinates, and this paper describes such an approach for flows of G2-structures. One advantage 
to such an approach is that we can appeal to known results on the evolution of quantities which 
depend only on the variation of the metric, such as the Christoffel symbols and the Ricmann, Ricci, 
and scalar curvatures, as can be found, for example, in [5]. The author hopes that the foundational 
results collected here will be useful to others, particularly researchers working on geometric flows 
who may not yet be familiar with G2-structurcs. 

A general evolution of a G2-structure is described by a symmetric 2-tensor h and a vector field 
X, and it is only h which affects the evolution of the associated Riemannian metric. On the other 
hand, for the various geometric quantities unique to G2-structures, such as the four torsion forms, 
their evolution is determined by both h and X. 

To date the only attempt at considering a flow of G2-structures has been the Laplacian flow 
discussed in [2]. When restricted to closed G2-structurcs, this flow is actually the gradient flow 
(with respect to an appropriately chosen inner product) for the Hitchin functional introduced in [10] 
(arXiv version.) This flow is still not very well understood. 

It is not clear if the Laplacian flow is really the 'natural' flow to consider for G2-structurcs, or 
indeed if there even exists a natural flow at all in this context. The advantage of developing the 
general theory of flows of G2-structures is that it allows us to examine the evolution equations for 
the torsion under a general flow in the hopes that one can find obvious choices for specific fiows 
which might have nice properties. This is clearly more efficient than trying to guess the right flow 
and computing all the associated evolution equations from scratch each time. 

The main results of this paper are Theorem 3.8 on the evolution of the full torsion tensor under 
a general flow of G2-structures, and Theorem 4.2 which proves a Bianchi-like identity relating the 
Riemann curvature and intrinsic torsion of a G2-structure. 

In the rest of Section 1, we review our notation and conventions. In Section 2, we review G2- 
structures, the decomposition of the space of forms, and the intrinsic torsion forms of a G2-structure. 
Along the way we provide a simple new computational proof of a Theorem of Fernandez-Gray [8] . 
Section 3 is the heart of the paper, where we compute the evolution equations for the metric, dual 
4-form, and torsion forms for a general flow of G2-structures. In Section 4, we apply our evolution 
equations to derive Bianchi-type identities in G2-geometry, and use these to produce new proofs 
of several known results. We also obtain an explicit formula for the Ricci tensor of a general G2- 
structure in terms of the torsion. The paper closes with two appendices; the first of which discusses 
various identities in G2-geometry, some of which are new and which should be useful in other contexts 
as well, and the second collecting some standard facts about flows of metrics. 

The author is currently preparing a sequel [16] to this paper in collaboration with S.T. Yau, in 
which we present a detailed analysis of several speciflc flows, including the Laplacian flow and the 
Ricci flow in the context of G2-geometry. We also discuss short-time existence and soliton solutions. 
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1.2 Notation and Conventions 



In this section wc set up our notation and conventions. Throughout this paper, M is a (not neces- 
sarily compact) smooth manifold of dimension 7 which admits a G2-structure. (See Section 2.1 for 
a review of G2-structures.) The Einstein summation convention is employed throughout: an index 
which appears both as a subscript and as a superscript in the same term is summed from 1 to 7. 

We use 5*7 to denote the group of permutations of seven letters, and sgn((7) denotes the sign (±1) 
of an element a oi St. 

The space of fc- forms on M will be denoted by fi*^. It is the space of sections of the bundle 
h^{T*M). A differential fc-form a on M will be written as 

a = -^ai-^i2...i^ dc'i A cfc'^ A • • • A dx^'' 

in local coordinates (a;^, . . . , a;^), where the sums are all from 1 to 7, and ai^i^-.-i^. is completely 
skew-symmetric in its indices. With this convention a can also be written as 



a= ^2 aiii2---ifcCfe*' A cfc'^ A • • • A cfe* 



ii<i2<---<ik 



but we will not have need to do so. The advantage of this approach is that if we take the interior 
product -^T^-ict of the fc-form a with a vector field we obtain the {k — l)-form 

d 1 ... 
: Ja = — —ctmiii2---ik-i dx""^ dx''^ A • ■ • A cfc*''-^ 



ote™ {k - 1)! 

Given a Ricmannian metric g' on M, it induces a metric on fc- forms which is defined on decom- 
posable elements to be 

ff(dSE" A•••A(fo'^cfc^■^ A--- AdSr^") = det {g{dx'' ,dx^'-)) = det{g'''^'') 

a,b=l,...,k 

= ^ sgn(cr)5*^-'''<i) ... g*''^ "'■'''> 

where g^^ = gidx"^ , dx^) is the induced metric on the cotangent bundle and g*-' is the inverse matrix 
of the matrix gij. With this convention, one can check that the inner product of two /c-forms 
a = ^ai^...i^ cfe'i A • • • A and /? = -^,Pji---jk dx^^ A • • • A dx^'' is 

g{a,0) = i ai,...ijj,...jj^^^ . ..g'"^" (1.1) 

which differs from other conventions by the factor of k\. 

The Levi-Civita covariant derivative associated to g is denoted by V, and its associated Christoffcl 
symbols by Ff^, where Pf^ = Tj^. We write M for covariant differentiation in the direction. In 
local coordinates, we have ^ (cfc'^) = —T^^dx^. If Ti^...i^ is a tensor of type (0, fc), then VmTi^...i^. 
always means {'VmT)i^...i^, which is 

d I I I 

'%aTi^...i^ = Ti^...i^. —^mii'^lii-'-ik ~ ^mi2'^iil---ik ~ ' ' ' ~ ^mik'^iii2---l (1-2) 
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and is a tensor of type (0,k + 1). Because the metric g is parallel with respect to V, covariant 
differentiation commutes with contractions. Explicitly, we have 

where T is a (0, fc + 1) tensor and S* is a (0, Z + 1) tensor. 

The exterior derivative da of a /c-form a can be written in terms of the covariant derivative as 

= ^ {Vm ai,...iu + r^iiaH,...i, + • • • + T'-^i^ai,i^...i) dx"" A dx'' A ■ ■ ■ A dx'" 

= ^{^man-ijds'" Adr'^ ■■■Adr'" (1.3) 

since the T^^'s are symmetric in We will always write exterior derivatives of forms in this way. 
The metric g determines a 'musical' isomorphism between the tangent and cotangent bundles of 

M. If is a vector field, then the metric dual 1-form is defined by v^{w) = g{v, w) for all vector 

fields w. In coordinates, (^)'' = g-ikdr^ . Similarly a 1-form a has a metric dual vector field a" 
defined by (3{a^) = g{a,(3) for all 1-forms /?, and (dc*)' = ^''^j^f- This isomorphism is an isometry: 
g{v',w') = g{v,w). 

We use 'vol' to denote the volume form on M associated to a metric g and an orientation, rather 
than something like dvol, to avoid confusion, since the volume form is never exact on a compact 
manifold. In local coordinates the volume form is 

vol y/dct{g)dx^ A ■ ■ ■ A dx"^ 

where det{g) is the determinant of the matrix gij = g{-^, 

The metric and orientation together determine the Hodge star operator * taking fc-forms to 
(7 — k)-iovm.s, characterized by the relation 

a A*P = g{a, (3) vol 

on two fc-forms a and /3. We also have *^ = 1. Suppose w is a vector field and a is a A;- form. The 

interior product, wedge product, and Hodge star operator are all related by the following identities 
(the signs here are all specific to the odd dimension 7): 

*{v_\a) = {-l)''+^{v' A*a) (1.4) 
*{v_\ *a) = {-!)'' {v^ A a) 
?;jvol = 

More details can be found, for example, in [14]. 

We also have need to consider the adjoint 6 = d* : Cl'' ^ 0'°~^ of the exterior derivative, with 
respect to the metric. This operator is called the coderivative and it satisfies 

/ g{da, (3) vol = / g{a, 6(3) vol 

JM JM 

whenever M is compact without boundary. The operator 6 can be written in terms of d and * as 

S={-lf*d* on n'' (1.5) 
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where again, the signs are specific to the odd dimension 7 which we consider exclusively throughout 
this paper. The coderivative S can be written in terms of the metric g and the covariant derivative 
V as follows: 

6a = —^—iSa)i,i,...i,_,ct''Adx''A---Adx'''-' 
[k - 1)! 

where {Sa)i^i^...i^_^ = -g^"^ Mamh-ik-i (1-6) 

We need the expression for the Lie derivative Cyia) of a tensor a in the direction of a vector 
field Y in terms of the covariant derivative. Suppose a = ai^—i^ is a tensor, where aii-.-jj, = 
'^(^r' ■ ■ ■ ' ^r)- Then by the Liebnitz rule for both Cy and , we have 

^ ^ Q d d 

{Cy{a))i,...i^ = y(ai^„,iJ-^Q;(— ,...,£y( — ), 



i=i 



3 = 1 



= (Wa)i,...i, + (Vi,r')afe...i. + --- + (Vi,y'Ki-u-ii (1-7) 
Finally, we discuss our conventions for labelling the Riemann curvature tensor. We define 



in terms of coordinate vector fields (so the usual Lie bracket term vanishes), and we choose to lower 
indices by 

Rijkl = RijkQml 

With this convention, the Ricci tensor must be defined as Rjk = Rijkl 9^'' to ensure that the round 
sphere has positive Ricci curvature. Recall that we have 

Rijkl — Rjikl — Rijlk — Rklij 

and the first Bianchi identity 

Rijkl + Riklj + Riljk = (1.8) 

We will also need the Ricci identity 

Vfc ViXi-Vi Vfe Xi = -RkiimX"" (1.9) 

Two possible references for this section (although the conventions do not always agree with ours) 
are [6, 11]. 
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2 Manifolds with G2-structure 

In this section we review the concept of a G2-structure on a manifold M and the associated de- 
compositions of the space of forms. More details about G2-structures can be found, for example, 
in [2, 13, 14, 18]. We also describe explicitly the four torsion tensors associated to a G2-structure and 
compute their expressions in local coordinates. These results are needed to determine the evolution 
equations of the torsion tensors in Section 3.3. 



Bij cfei A . . . A cfe^ = J ^) A J ^)^^ (2.1) 



2.1 Review of G2-structures 

Consider a 7-manifold M with a G2 structure ip. Such a structure exists if and only if M is 
orientable and spin, which is equivalent to the vanishing of the first and second Stiefel- Whitney 
classes w\{M) = W2{M) = 0. In fact the space of 3-forms on M which determine a G2-structure is 
an open subbundle r^p^g of the bundle Vl^ of 3-forms on M , sometimes called the bundle of positive 
3-forms. Such a structure determines a Riemannian metric and an orientation in a non-linear fashion 
which we now describe. Given local coordinates x^,. . .^x^ , we define 

It is clear that Bij = Bji. This top form can be shown to be equal to 

Bij dx^ A ... A dx'^ = —6gijVo\ = —6gij \/ det{g) dx^ A ... A cfe^ (2.2) 

In other words, the 3-form (p naturally determines the tensor product of the metric gij with the 
volume form vol. Prom this we can extract the metric gij and subsequently the volume form vol as 
follows. 

/ d d \ / d d 



Bij = -6gij Vdet(g) 
det(B) = (-6)Met(g)det(5)5 = -6Met(5)5 

^/det{g) = — Y det(B)^ 
69 

1 -Bj-i 1 Bjj 

9ij = -: ' - 



6 y/M{gj 69 det{B)i 
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Some authors chose a different convention in which the (—6) factor above is actually a (+6). Since 
this cancels out in the above calculation, the equation 

~ 6i det{B)h 

is true for both sign conventions (sec [15].) 

We stress that the tensor B is actually a section of Sym^(T*M) ig) /\'{T*M). Therefore, if we 
change to a new basis cfe' = P^dx^, then Bij = P^'Pj dct(P)Bfci from which it follows from (2.3) 
that gij = Pf^Pjghi as expected. 

The metric g and orientation (determined by the volume form) determine a Hodge star operator 
*, and we therefore have the associated dual 4- form ip = The metric also determines the Levi- 
Civita connection V, and the manifold (Af , ip) is called a G2 manifold if Vip = 0. Note that this 
is a nonlinear partial differential equation for (p, since V depends on g which depends non-linearly 
on (p. Such manifolds (where (p is parallel) have Riemannian holonomy Holg(M) contained in the 
exceptional Lie group G2 C S0(7). 

The G2-structure corresponding to the 3-form ip is also called torsion-free if (fi is parallel with 
respect to the metric g^ induced by ip. Torsion-free G2-structures have sometimes been called 
'integrable' by some authors, but since that term has also been used in different contexts as well, we 
prefer to stick to the unambigous 'torsion-free' at all times. See also [2] for more discussion about 
the sometimes confusing terminology about G2-structures. 

In [8], the following theorem is proved. 

Theorem 2.1 (Fernandez-Gray, 1982). The G2-structure corresponding to (p is torsion-free if and 
only if (p is both closed and co-closed: 

dip = d *^ ip = dip = 

More recent proofs of this theorem can be found in [4, 13, 2]. 

Remark 2.2. A differential form (p> is harmonic if {dd* -\- d*d)(p> = 0. On a compact manifold, this is 
equivalent to dip = and d*ip = 0. Since a parallel differential form is always closed and co-closed. 
Theorem 2.1 says that for a compact manifold with G2 structure (p, the 3-form ip> being parallel is 
equivalent to it being harmonic (with respect to its induced metric.) 

Remark 2.3. It is well known (see [13], for example), that for a G2-manifold the holonomy must be 
one of the following four possibilities: 



Hol,(M) 


= {1} 


<^ 


61 (M) 


= 7 


Holg(M) 


= SU(2) 


<^ 


61 (M) 


= 3 


Holg(M) 


= SU(3) 


<^ 


bi{M) 


= 1 


Hol,(M) 


= G2 


<^ 


bi{M) 


= 



Wc arc interested in constructing manifolds with full holonomy G2, and not a strictly smaller sub- 
group. Therefore we can assume that the fundamental group tti (Af ) is finite. 

Remark 2.4. There are some topological obstructions (in the compact case) to the existence of a 
torsion- free G2-structure which are known. First, we need 63 (Af) > 1, since the 3-form (p is a. non- 
zero harmonic 3-form, and hence represents a non-trivial cohomology class by the Hodge theorem. 



(2.3) 
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Additionally, if we insist on full holonomy G2 rather than a strictly smaller subgroup, then we must 
have 61 (M) = 0, which was already mentioned in Remark 2.3, and also that the first Pontryagin 
class pi(M) of the manifold must be non-zero. There are also some conditions on the cohomology 
ring structure. A detailed discussion can be found in [13]. Of course, sufficient conditions for the 
existence of a torsion-free G2-structure (analogous to the Calabi conjecture in Kahler geometry) are 
far from being known. 



2.2 Decomposition of the space of forms 

The existence of a G2-structure ip on M (with no condition on \/ip) determines a decomposition of 
the spaces of differential forms on M into irreducible G2 representations. This is analogous to the 
decomposition of complex-valued differential forms on an almost complex manifold into forms of 
type {p,q). We will see explicitly that the spaces fl'^ and of 2-forms and 3-forms decompose as 



14 

where Clf has (pointwisc) dimension I and this decomposition is orthogonal with respect to the 
metric g. The spaces fi^ and fif are both isomorphic to the cotangent bundle il^ — T*M (and 
hence also to the tangent bundle TM.) We show below that the space is isomorphic to the 
Lie algebra 92, and r^27 is isomorphic to the traceless symmetric 2-tensors Symg (T*M) on M. The 
explicit descriptions are as follows: 

^2 = {X_iip; X €r{TM)} = {f3en'^:*{(pAl3)^-2l3} (2.4) 

= {P efl^; 13 AiP = 0} = {P en^; ^ifAP) =P} (2.5) 

= {f^;feC°°(M)} (2.6) 

ft^ = {X_iij; X eT{TM)} (2.7) 

= {hijg'' dx' A J ; hij = hji , Tigihij) = g'^hij = 0} (2.8) 

The decompositions fi^ = f2| © fly ® Oj? ^^'^ = 0| ® il^^ are obtained by taking the Hodge star 
of the decompositions of and fP, respectively. 

Remark 2.5. There is another orientation convention for G2-structures which differs from this one. 
In the other convention, the eigenvalues of the operator (3 t-^ *{ip A (3) are +2 and —1 instead of —2 
and +1, respectively. See [15] for more on sign and orientation conventions in G2 geometry. 

We now establish the decompositions of the spaces and fl^ in detail. Let /3 = ^Pij dc' A dx^ 
be an arbitrary 2-form. Then we have 

*(<^ A /3) = - Pij * {dx' Adx^ Aip) = - (3ijf-^_i *{dr^ A y) 

= \l3iji^imabg'^g'"'dx''Adx'' 



9 



where we have used (1.4) twice. This computation allows us to express the projection operators Try 
and 7714 from to fiy and rij4, respectively, as follows. From (2.4) and (2.5), we see that 

MP) = - ^ * (¥> A /3) 7ri4(/3) = ^(3+^*{vA(3) 

Hence for /3 = ^ Pijdx^ A dc^ , we have 

MP) = \ Q/3ah - ^Pag'^g'^^i^ima^ cfe" A dx^ (2.9) 

7ri4(/3) = ^ (|/3a6 + ^A.-^V^^imab) A dc" (2.10) 

The alternative characterizations of O7 and given in (2.4) and (2.5) can also be expressed in 
local coordinates: (3 & Viy \i and only if /? = X_i Lp for some vector field X, which is equivalent to 
fiij = X''(fiijk, and P G if and only if -0 A /3 = 0, which, using (1.4), becomes Pijg^'' g-'"^fimk = 0. 
We summarize the descriptions of in the following: 

Proposition 2.6. Let (3 = \ f3ij cfc' A dc^ be in O^. Then 

Remark 2.7. It is an enlightening exercise to establish the above equivalences (in index notation) 
directly using the identities of Lemmas A. 12, A. 13, and A. 14. 

Remark 2.8. Because the space Jly is isomorphic to the space of vector fields (and also to the 
space of 1-forms), it is convenient to be able to go back and forth between the two descriptions. If 
X = X''-^ is a vector field, the associated 0,"^ form, by Proposition 2.6, is ^Xabdx"' A cfe^, where 
Xab — X^ipiab- It is easy to check using Lemma A. 12 that we can solve for X'^ in this expression as 
X" = ^Xab<Pmp<ig''Pg'"'g""'. in summary, 

X„t, = X^'Plab ^ X'= = ^X„b^™p,5'^V5'"'= (2.11) 

which we will have occasion to use frequently. 

We need a few more relations involving fl^ and flf^ which will be used to simplify the evolution 
equations for the torsion forms in Section 3.3. 

Lemma 2.9. Suppose pij is a 2-form. Then if (3ij G Qf^, 

Pabg^Wlpq = Ppig^^V>mag - PqW''"^ 'Pmap (2-12) 

whereas if P G fl^, then 

1 1 3 3 

Pabg Vlpq = --^Ppid^^Vmaq + -^PQld^^Vmap - -^gpaPq + -^gqaPp (2-13) 

where in this case Pk = h Pijg^°'g-'''fabk as given by (2.11). 
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Proof. We prove both statements at once. By Proposition 2.6, we can write (3ab = ^Pij g^"^ g-'^ipmnab 
where A = 5 if /? G f7^4 and A = —j if /3 G Q^. Now we use Lemma A. 13 and compute 

Pabg''^^lpq = \!iijg"'^g^''{'Ppql1pmnabg^^) 

i^dprn^qna ~l~ Qpn^mqa ~l~ Qpa^mnq Qqm^pna Qqn^mpa Qqa^m.7ip) 
= KPpjg^'^^qna + Ap5""</'mga + ^gpaPq " Pqjg^"^pna " Piqg'''^ ifmpa - ^gqaPp) 

where = if /3 e by Proposition 2.6. This can be simpHfied to 

Pabg^^y^lpq = A( 2Ppig^"^ipmaq - Wqig''"^Vmap + GgpaPq - Q9qaPp ) 

and the statements now follow by substituting the value of A in each case. □ 
Corollary 2.10. The space f2^4 is a Lie algebra with respect to the commutator of matrices: 

= Piig^^'Umj - fJ'iig^^'Pmj 

Proof. Wc know that = so(7), and that the matrix commutator is a Lie algebra bracket on fl^ 
which satisfies the Jacobi identity. We need to show is that the bracket of two elements of is 
again in $7^4. Suppose (3 and are in fll^. Then [/?, /x] G ^^4 if and only if 

We have 

[P,fAijg"'g'''^abc = Pu9'"'fimjg'''g''^abc-m9'"'f3mj9'''9'''^abc 

— Pil9 ^-mjg g '^abc + (J-iig g [Pakg fnmc - Pckg ^nma) 

where wc have used (2.12) in the last line above since (3 G ill^. The first two terms cancel each 
other, and the last term vanishes by Proposition 2.6, since /x G 17^4. □ 

Remark 2.11. Of course, = 02, the Lie algebra of G2. 

We can regard a vector field X'' as a il^ form Xab by (2.11). Given a 2-form /?y , it acts on X'^ 
by matrix multiplication: (/3(X))™ = PijX^g^"^ to give another vector field l3{X), which we can 
turn into a fif.form by {f3{X)U = {/3{X))"'ipmab- 
Proposition 2.12. If P € Ctli, then 

{P{X)U = [P,XU (2.14) 

whereas if p G fif, then 

{f3{X)U = -l[P,XU -l^aXb + lPbX, (2.15) 
where [/3, X] is the matrix commutator of (3 and X regarded as elements of fi^ . 
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Proof. We use (2.12) and compute, if /? e 

= PaW^^Xmb - Xam9''"^Plb = [P, X]ab 

and similarly using (2.13) in the case /3 G fif to establish (2.15). □ 

To conclude our discussion of fl^, we note that if /3 e fiy, we can also write (/3(X))'" = 
PijXig^-^ = P'^XiipMjg'"', and thus /3(X) = = -(/3 x X), in terms of the cross 

product, where we have used (A. 2). Therefore equation (2.15) can be restated as 

PaXb - hXa = -l[P,XU + ^ (/3^ X XU (2.16) 

However, we see also that 

liPaXb - PbXa)g"g'''vijk = I P'X^ipijk = 1(13 X X)k (2.17) 
and therefore, considering the fl"^ parts of (2.15) as vectors via (2.11), and using (2.17) gives 

-(/3xX) = -i7r7([/3,X])-^(i/3xX) 

from which it follows that 

7Tr{[f3,X])=l3xX (2.18) 

for /3 G ily, which will be used in Section 3.3. 

The decomposition of the space fl'^ of 3-forms can be understood by considering the infinitesmal 
action of GL(7,]R) on ip. Let A = A\& 0l(7,M). Hence e^* e GL(7,M), and we have 

e^* . ^ = i ^i^k {e^'dx') A (e^*(fe^) A (e^*(fc'=) 



Differentiating with respect to t and setting t = 0, we obtain: 

1 

[e^" ■ 'P) = 

t=o 



di 



(e^* -ip) = - {A\ipijk + A^j^fiuk + A'Piji) dx' A dx'J A dr'' 



^ A\ipijk dx^ A dx^ A dx'' = Al dx"- A f 



Now let A\ = g^^Aij, and decompose Aij = Sij + Cij into symmetric and skew-symmetric parts, 
where Sij = \{Aij + Aji) and = \{Aij - Aji). We have a map 



D : GL(7,M)^173 

(e^*.<p) 



D : A^^ 
dt 



t=o 

Sijg^' dc' A (-^^ ^) + C,,g^' dc' A (-^^ <p 
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Proposition 2.13. The kernel of D is isomorphic to the subspace flf^^. It is also isomorphic to the 
Lie algebra 02 of the Lie group G2 which is the subgroup o/GL(7,M) which preserves Lp. 

Proof. Since we are defining G2 to be the group preserving tp, the kernel of D is isomorphic to 52 
by definition. To show explicitly that this is isomorphic to decompose Cy = (Ct)^ + (6*14)^, 
where C7 e Of and C14 G 0^4. We have 



(Ci4k5^"'cfe^A(^Aj^^ = 1 ((Ci4 



Prom Proposition 2.6, we have (Ci4)ij = 5 {Cii)abg°'^9^'^'^pqij- Using this together with the final 
equation of Lemma A. 13, one can compute easily that 

{Cu)\ipijk + {Ciifjifiiik + {Cii)\.ipiji = -2 {{Ci4,)lipijk + {Cuyjipiik + {Ci4,y,.ipiji) 

and hence that {Ciiji^g^^ dc^ A = 0. Therefore fll^ is in the kernel of D. We will see below 

that D restricted to Cl^ or the symmetric tensors S'^{T) is injective. This completes the proof. □ 

By counting dimensions, we must have fif = {{C'j)ijg^^ dx'^ A (^-l<^)} and also Of ® O27 = 
{Sijg^'^ dx^ A We now proceed to establish these explicitly. 

To show {C'j)ijg^'- dx^ A (^-1'/') is X_i'tp for some vector field X, we use Proposition 2.6 to write 
{Crhj = (C7)Vfey, where (Ct)'^ = i (C7)„ff*"ff^ Va6c5'^S by (2.11). In fact since (Ci4)y 5"5^ Va6c = 
0, we actually have (C7)* = ^ Cijg^°'g^^ipabcg^'^- Now we use Lemma A.12 and compute: 

+ {C7)kig " 

~ g (^7) {,9nj9ik QnkQij '^nijk ~l~ 9nk9ji 9ni9jk '^njki ~l~ 9ni9kj 9nj9ki V'nfeij) 
= J(-3(C7)")V'mifc = ^^"V'mjfc 

and hence we have shown that for dj skew-symmetric, 

Ciig''"^iPmjk + Cjig'''^ipimk + Ckig''™''Pijm = X^lpnijk (2-19) 

where = ~ Ci^g'^^g^^abcg"'' 

Following the notation of Bryant [2], we define maps i : S'^{T) Vfi and j : O^ ^ S'^(T) as 
follows (our definition of the map i differs from Bryant's by a factor of 2): 

i{hij) = hijg^' dx' A J ^^=\ hicpijk dc' A dx^ A dx'' (2.20) 
{j{ri)){v,w) = * ((u J (^) A (w J </?) A r?) (2.21) 

We will have several occasions to use the following. 
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Proposition 2.14. Suppose that hij is a symmetric tensor. It corresponds to the form ri = i{hij) 
in given by 

ri = hijg^'' dc' A ^^-1 ^ \ h\ipijk dx" A dx^ A dx^ 
Then the Hodge star *r] of ri is 



*r) = Q Tig{h) gij - /i^^ g^^dc' A j V 



where TTg{h) = g'^^hij. 
Proof. We compute 



= h^'^-^^^imdx'' A^) = hf(^5t^-dx^ 
= \^,g{h)5\dx^^(^-^^^^^-h\dx^^(^-^^^^l. 

where we have used (1.4) several times. □ 

Proposition 2.15. Suppose fij and hij are two symmetric tensors. Let i{f) and i{h) be their 
corresponding forms in fl^ . Then we have 

i{f) A *(i(/i)) = giiif), i{h)) vol = (Tr,(/) Tr,(/i) + 2/f ft^) vol 

Proof. Using Proposition 2.14, we compute i{f) A *{i{h)) = 



1 



= /"^ TTg{h)g"''' - h'^'j (2 g^mra - 2 gam9bl + ^ablm) Vol 

^ Tr,(/) Trg{h) - 2 TV,(/) Trg{h) - \ Tr,(/) Tr,(/i) + 2 /^/ij") vol + 

= (Trg(/)Tr,(/i) + 2/ffti)vol 
using Proposition A. 11 and the symmetry of and hij. □ 

Corollary 2.16. The map i : S'^(T) — *• is infective. It is therefore an isomorphism onto its 

image, fif © fijT • 

Proof. Suppose i{h) = 0. Then Proposition 2.15 gives Trg(/i)^ + g^'^g-'^'hijhab = 0. The second term 
is just g{h, h), the natural inner product on 5^(T). Thus both terms are non-negative and hence 
vanish. Therefore g{h, h) = 0, so hij = 0. □ 
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Proposition 2.17. The map j : fi^ — > S^{T) is an isomorphism between Of ® O27 '^'^^ S^{T). 
Consequently, Of is the kernel of j. Explicitly, we have 

If V = hijg^^ dx' A f ^J<p) + (Xj^) = i{h) + (Xj^) 



iften ^(77) = -2Txg{h)gij - 4:hij 

Proof. The map j is linear. First let rj — X_\ ip. Then 

jiv) = * <f) A (w J if) A (X J ip)) = 

by Theorem 2.4.7 of [14]. Thus O7 is in the kernel of the map j. Now suppose that rj = hijg^'' dx^ A 
(^J<^) = \h\ipijk cfc' A dx^ A cfc*^. Then we have 

0'(?7))a6 = -/i^f^ijfc* f(T^J</3)A(T|^J(/?)Acfc'Acfc^'AcfoM 

= z^ifijkfapqfbmn * {djf A dc' A cfe™ A dx" A dx' A dc^ A dc'") 
8 



= ^ X! Sgn(a)<^a(7(l)<7(2)<^6(7(3)<T(4)'y^ia(5)<7(6)/ia(7) * (dc^ A • • • A dc^) 
= ^ * {^{Bijh\ + + del A • • • A dc^^ 



^ * (-6Trg(/i) gyvol - 6/iyvol - 6/iji)vol) 
-2Ttg(/i)5ij-4/ii,- 



where we have used (A. 4) and Bij = —6gij ^ det{g) . From this it follows immediately that j is 
injective on Of ® O27, for if j{i{h)) = —2 Trg(/i) gij — Ahij = 0, taking the trace gives —18 Trg(/i) ~ 
and hence htj =0. □ 

To summarize, we have seen that an arbitrary 3-forui q on a manifold M with G2-structure tp 
consists of the data of a vector field X and a symmetric 2-tensor h. Explicitly, we have 

= ^ h\ipijk dr' A dx^ A dx'' + ^ X'-tpuji. dr' A dr-' A dz;'' 

Remark 2.18. Note that the symmetric 2-tensor hij decomposes as hij = j Trg(/i) gij + h^j where 
is the trace-free part of hij . Hence the first term in the above expression can be written as 

3 1 

-h(p + - {h°)l(pijk dx' Adx' Adx'' 

which shows explicitly the Of and O27 components. However, it is more convenient to consider the 
tensor h^ directly, using the isomorphism Of © O27 = Sym^ (T*M). 
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2.3 The intrinsic torsion forms of a G2-structure 

Using the decomposition of the spaces of forms on M determined by 95, given in Section 2.2, we can 
decompose dip and dtp into types. This defines the torsion forms of the G2-structure. 

Definition 2.19. There are four independent torsion forms corresponding to a G2-structure (p. 
Following the notation introduced in [2] , we denote them by 



GO? n e ^7 



They are defined via the equations 



dip = TQlp + 'iTi /\ip + *T3 (2.22) 

dij) = 4ti Atp + *T2 

The constants are chosen for convenience. The fact that the Of component of dip and the Of 
component of di/j are the same, up to a constant (when projected back to O7 via the G2-invariant 
isomorphisms), is something that needs to be proved. A nice representation- theoretic proof is de- 
scribed in [4, 2]. Below we will give a brute force computational proof of this fact, which is useful 
as it is an exercise in the type of manipulations that will be used frequently in Section 3.3, when we 
compute the evolution equations for the torsion forms. 

Remark 2.20. We call tq the scalar torsion, ti the vector torsion, T2 the Lie algebra torsion, and T3 
the symmetric traceless torsion. These names are non-standard, but are clearly reasonable. 
Remark 2.21. In [2], the second defining equation is given as dip = 4ti Aip + T2 A(p. This is the same 
thing, since in our chosen orientation convention, T2 A tp = *T2 for T2 G 0^4. We prefer this way of 
writing the equation to make it more symmetric with the dip equation. 

Remark 2.22. In [14], a one- form is discussed, sometimes called the Lee form. It is easy to check 

that e ^ -12ri. 

Theorem 2.23. The appearance of the same one-form ti in the expressions for both dip and dip 
in (2.22) above is justified. 

Proof. We begin by not assuming that the two n's are the same. Let dip = Toip + 3ri Aip-\- *r3 and 
dip = 4fi Alp + *T2. We must show that fi = n. We manipulate these relations as follows 

dip = TQip + 3ti Aip + *T3 dip = 4fi Alp + *T2 

*{dip) = TQip + 3* {ti Alp) +T3 *{dip) = 4* {fi Alp) +T2 

ip A *{dip) = - 3ip * {ip An) + ip A *{dip) = 4ip A *{ip A n) -|- 

ip A *{dip) = 12 * n Ip A *{dip) = 12 * fi 

where we have used Proposition A. 3. Therefore we see that 

Ti = f 1 <^ ip A *{dip) = Ip A *{dip) 

<^ cfcP Ap A *{dp) = dxP Aijj A *{dijj) for all p 
g{dip, dx^ Aip) = g{dip, dx^ A ip) for all p 

and it is the last equality above that we will now establish. 
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Let X = Xidx^ be an arbitrary one- form. Then we have 
X Aif = ^ Xqipijk (fe^ A dc' A dx^ A dx^ 

= — [Xqipijk - Xiipqjk - Xjifiqk - Xkifijq) cfe"^ A cfc' A dx^ A cfc'" 
= TTT ^aiik (fe^ A cfc* A dx^ A dx'' 

24 

where we have skew-symmetrized the coefficients. Similarly we have 

dip = ^ (Vm^abc-^i^mbc-'^Vamc-'^Vabm) dx™ Adr"' Adr^ Adx'' 

= ^ Bmabc cfc™ A dx" A dx'' A dx'' 
Now using (1.1), we have 

g{XAip,dip) = ^AqijkBmabc9''"'g"'g'''9'"' 

— g {XqiPijk - XiLpqjk - XjLpiqk - Xk<Pijq) {Mn fabc) Q''"^ 9^'°' 9^^ g'"' 

Let X = dcP, so that Xi = (5f , and this expression becomes 

g{dxP A if, dip) = J {6Pipijk - Sfipqjk - S'-ipiqk - Slipijq) {Vm ^Pabc) g''"' g'" g^^ g'"' 
= \ iPiik (V„ ipabc) 9''"'g"'g''g'"' - \ ^,jk (V™ Vabc) g""^ g^W'' g""' 

By Proposition A. 16, the first term vanishes, and the second term becomes 



((fef A d^') = ^ (V™ v^,k )<fiabcg'"'g'"'g"'g'' (2.23) 

An exactly analogous calculation, which we omit, yields the expression 

g{dxP A V, #) = ^ (V„ ^ijki)^abcdg'"'g'"'g'''g'"'g^'^ (2.24) 

Combining the two expressions, g{dxP A (p, dip) = g{dx^ A tjj, dip) if and only if 

{Vmi^ijki)i'abcdg'"'g'''g'"'g^'^ = ^{'^mVijk)^abcg''^g'^g'"' 

But this is precisely the content of Proposition A. 17, after contracting with 5"". □ 

The reason to consider the torsion forms of a G2-structure ip is because ip is torsion-free if 
and only if all four torsion forms vanish, and these forms are independent. This is clear since the 
decomposition of into G2-representations is orthogonal, and because the maps ip Aa from 
Q}j f?^ and a >—>■ ip A a from fl^ 0.^ are isomorphisms. 

Having defined the four torsion forms, we need to derive their expressions in local coordinates, 
in order to be able to compute their evolutions under a flow. To do this most efficiently, we will first 
determine how to write V<p in terms of the four torsion tensors. In the process we will obtain a new 
computational proof of the Fernandez-Gray Theorem 2.1. We begin with the following important 
observation. 
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Lemma 2.24. For any vector field X, the 3-form \/x ^ lies in the subspace ilj of fl^ . Therefore, 
the covariant derivative V(p lies in the space fl] fl^, a 49 -dimensional space (pointwise.) 

Proof. Let X = ^ , and consider the 3-form \| ifi. An arbitrary element of Of © can be written 
(for some symmetric tensor hij) as 

11 

»? = 2 KVmjk dx" A dx^ h dx^ = - {h'^^fimjk + hfipimk + hfipijm) dx" Adx^ A dx^ 

Using (1.1), the inner product of rj with M v' = g M Vabc dc"' A dr'' A dx'^ is 

gm <P,V) = ^ (M ^abc) {K^mjk + hfipimk + K'^ijm) Q"' 9^^ 9^^ 

= ^abc)K^mjk9'''9''9'''' = \{^ 'Pabc)h""'Vmjk9'''9'''' 

which vanishes since the third equationof Proposition A. 16 says (\? 'fiabc)fmjk9''-' 9'^'' is skew-symmetric 
in a and m. Since 9{^ (fi,r]) = for all 77 e Of ® fij?) '^^ have that ^ e fif for all Z = 1, . . . , 7 as 
claimed. □ 

Remark 2.25. In [8], Fernandez and Gray study the symmetries of Wcp, and deduce that V(/3 G 

as we have just shown. Their arguments involve the complicated analysis of the extension of the 

cross product operation to the full exterior bundle. The above proof is, in our opinion, much more 

transparent. 

We pause here to consider Lemma 2.24 in more detail. The reason why Vx <f & '^s essentially 
because of the way that the 3-form y> of a G2-structure determines a metric 9. We have seen that 

(w J (f) A {u!_\ ip) A (p = -~6g{v, w)\/o\ 

Since the metric and volume form are parallel, the covariant derivative of this gives 

{v_\ Vxif) A {w_\ if) A(p+ {v_\ if) A {w_\ Vx<fi) A(p+ {v_\ tp) A {w_\ tp) AVx = 
Using the identity (p A (u J (p) = —2* (w j tp) from Proposition A. 3, this becomes 

-2 (u J Vxf) A *{w_\ (f) -2 {v_\ ip) A *{w_\ Vx + (w-l </?) A (w J (p) AVx V = ^ 

Finally, the covariant differentiation of the identity {v^p) A *{w^(p) — 4:g{v,w)vo\ (which is also 
implicit in Proposition A. 3) gives 

{v_\ Vxv) A *{w_\ ip) + (w J ip) A *{w_\ Wx^p) =0 

Combining this with the previous equation yields the important relation 

{v_\ ip) A {w_i p) AVxP = Q 

But by the definition of the map j in (2.21), this precisely says that the Qf © fi^r component of 
\5s: 9? is zero. 

Definition 2.26. Since ^ip ^ Of, by (2.7) we can write \|<^o6c = Tim9™"'4'nabc for some 2-tensor 
Tim, which we shall call the full torsion tensor. 
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In coordinates, the four independent torsion forms are the following: tq (a function); ti = (ti); (i', 
a 1-form, which by Remark 2.8 can also be written as an fif-form n = 5 (Ti)obcfe" A dx'' where 
(Ti)a6 = iri)ig'-''<Pkab; T2 ^ ^{T2)ab dx" A cfc^ an Of4-form; and T3 = i {Ts)im9"'''V>ljk dx' A tfe-?' A 
where (t;:));^ is traceless symmetric. The relationship between the four torsion forms and the full 
torsion tensor is given by the following theorem. 

Theorem 2.27. The covariant derivative V(/9 of the 3-form Lp can be written as 

M Vabc = Timg"^"tpnabc 

where the full torsion tensor Tim is 

Tim = -^gim - {T3)lm + {'''l)lm " -^(t"^')^^ 

Proof Write the full torsion tensor as Tim = Sim + Cim, where Sim = ^(Tim + Tmi) and Qm = 
^{Tim — Tmi) are the symmetric and skew-symmetric parts of Tim- Thus we have 

M ^abc = {Sim + Cim)g"'''^nabc (2.25) 

Since d(p = Totp + 3ti A(p + *T3, the fif © O27 component of *d(p is tqlp + T3, which we write as 
I (Ito) 1P+T3. ByRemark2.18, thisis/ijSf-''db'A(^J(y9), where/ij = y (Itq) gtj + {T3)ij . Therefore 
by Proposition 2.14, we have that the Of ©fi* component of dcp = *{*d(fi) is ( j Trg{f)gij — fij) g^^dc'^A 
(^j^). But Trg(/) = |to, so 

1 7 4 1 

4 Trg(/)5ij - fij = —To gij - —To g^ - {T-i)i^ = -tq g^ - {T-i)ij (2.26) 
Now we can also write = | ^ ipabc dx'' A dx"' A dx'' A dx", which by (2.25) is 

dip = I {Sim + Clm ) V'«a6c cfe' A cfc" A cfc*" A cfe'^ 

= Simg'^^dx' A J + Cimg^^'^dx' A (^T^ J 

The second term above is in O7. Therefore, comparing the Of © term of dip given above and 
by (2.26), we see that 

Sim = gim - {T3)lm 

This proves the first half of the theorem. 

To establish the second half, we write 6(p = —*d*(p in two ways. First, since dip = 4:TiAip + *T2 , 
we have d(p = — * dtp = — 4(ri''j<^) — T2, using (1.4). Therefore 

= -4 i(ri)a6dc" Ads^- i(T2)a6Cfc" A dx'' (2.27) 

Prom (1.6), we also have Sip = ff^^M Vkab dx" A dx''. Using (2.25), this is 

6ip = -l:g"' {Sim + Cim) g"'''^nkab dx" A dx" 
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The first term vanished by the symmetry of Sim and skew-symmetry of ip„kab- Now we decompose 
Cim = {Cr)im + {C\4)im into fif © 1^24 Components. Using Proposition 2.6, and interchanging n and 
k, we see 

6ip = lg"'{{CT)lm + {Cl4)lm)g"'''Anabdx'' Act' 
= \ (-4(C7)a5 + 2(Ci4)a6) C^" A cfe^ 

Comparing this to (2.27), we see that {C7)ab = {Ti)ab and {Ci4)ab = —■^{T2)abt hence 

Clm = {Tl)lm - 2 ('^2)im 

and the proof is complete. □ 

Corollary 2.28. The 3-form ip is parallel if and only if it is both closed and co-closed. (This is 
Theorem 2.1.) 

Proof. A parallel form is always automatically closed and co-closed, since the exterior derivative d 
and the coderivative 5 can both be written using the covariant derivative V. The converse follows 
from Theorem 2.27, since df = and dtp = Q are equivalent to the vanishing of all four torsion 
tensors, so Tim = and hence M 'Pabc = 0. □ 

Remark 2.29. Starting from ^ ^pabc = TimQ^^i^nabc and using (A. 11) and Lemma A. 13, it is an easy 
computation to show that 

^ijkl = —Tmifjkl + Tmjfikl — Tmkfijl + Tmlfijk (2.28) 

which will be used in Section 4. 

The following lemma gives an explicit formula for Tim in terms of V</5. This will be used in 
Section 3.3 to derive the evolution equations for the torsion tensors. 

Lemma 2.30. The full torsion tensor Tim is equal to 

Tim = ^ Vabc)^Pmijk9"'9'''9'"' (2.29) 

Proof. We begin with M<^o5c = Tikg'^^'ipnabc and use Lemma A. 14 to compute: 

M Vabc'4}nijk9'''9^^9'"' = Tik9'''"tlJnabcllJmijk9'"'9^''9'"' 

= Tik9''"{24gnm) = 24Tim 
as claimed. □ 

Next we present expressions for the four torsion tensors from which we will calculate their evo- 
lution equations. 
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Proposition 2.31. The four torsion forms can be written in terms ofTpq = Spq + Cpq as follows: 



To = 


4 

J 9 ^pq 




(T3)pg = 


1 

-^rogpq 


Spq 


(Tl)pq = 




ICijg^^g^'i^abpq 


(T2)pg = 


3 





Proof. This is immediate from Theorem 2.27 and equations (2.9) and (2.10). □ 

We close this section with an important observation about the vector torsion ti. The effect of 
a conformal scahng on G2-structures is well understood, and a detailed discussion can be found in 
Section 3.1 of [14]. In particular, we have the fohowing result. 

Theorem 2.32. Let (p = f^if be a new G2-form, where f is any nowhere vanishing smooth function, 
then the metric scales as g = f^g and the A:- form as *(p = f^ * ip. Furthermore, the torsion forms 
transform as follows: 

To = /^Vo fi = Ti+dlog(/) 

T2 = / T2 fa = T3 

Proof. This is essentially Theorem 3.1.4 in [14]. In that paper, 6 = —12t\. □ 

The relevance of this result is evident. If we can construct a G2-structure f for which the three 
torsion forms tq, T2 and T3 all vanish, then any conformal scaling of such a structure remains of 
such type. It is easy to check that in this case that vector torsion ti is a closed 1-form. If we are 
interested in manifolds with full holonomy G2, then by Remark 2.3, we must necessarily start with 
a manifold M with finite fundamental group, and hence H^{M) — 0, so the form ti is exact. Then 
we sec from Theorem 2.32 that we can always find a conformal scaling factor / (unique up to a 
multiplicative constant) to make the vector torsion ti vanish as well. Such G2-structures are called 
conformally parallel Hence we can restrict attention to constructing G2-structures where to, T2, and 
Ts all vanish, since we can then always make t\ vanish as well, provided the manifold is topologically 
able to admit a G2-structure with full holonomy G2. 



3 General flows of G2-structures 

In this section we derive the evolution equations for a general flow of a G2-structure ip. Let X 
be a vector field and h a symmetric 2-tensor on M. Then a general variation of the G2-structure ip 
can be written as 

■^V'= o Hvijk cfo' Adx^ Adx'' + - X''ipiijk dx" A dx^ A dx^ 
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We write the left hand side in coordinates, and skew-symmetrize the first term on the right hand 
side to obtain 



(Pijk dx' A dx^ A dx'' = ^ (/I'wjfe - hjipuk - hk^Pm) dx" Adx^ A dx^ 



id_ 

6 dt'^'^""^ 6 



+ ^ X'^ipiijk dx' A dx^ A dx'' 

We can now equate the (totally skew-symmetric) coefficients on both sides to obtain the general 
flow equation: 



d 



(3.1) 



3.1 Evolution of the metric gij and related objects 

We now proceed to derive the evolution equations for the metric g and objects related to the metric, 
specifically the volume form vol and the Christofl:el symbols T^j. The first step is to compute the 
evolution of the tensor Bij , which was defined as 

which in coordinates becomes 



Btj dx^ A . . . Adx'^ = (^ J (fi) A (^-r J (fi) A (p 



Bij dx^ A . . . A dx'^ = ■^(pik,k2'Pjk3k4V>k^kekjdx''' A.-.Adx'''' 

= ^ ^S'^(^) Via{l)a(2)Vja{3)a{4)Va{5)a{6M7) dx^ A . . . A dx'' 



and hence ^ 

^ 2l X] '^Sn(o') ',i5jcr(l)<T(2)'^j<T(3)<T(4)'y5o-(5)<T(6)o-(7) (3-2) 

where the sum is taken over all permutations a of the group 87 of seven letters. 
Theorem 3.1. The evolution of Bij under the flow (3.1) is given by 

d_ 

dt' 

Note that the evolution of Bij deponds only on the symmetric 2-tensor hij and not on the vector 

field X''. 



-Bij = Trg{h)Bij + h\Bij + h^Bu (3.3) 



Proof. We will need to appeal to various identities for G2-structures that are proved in Section A. 
We start by computing 

d_ 
dt' 



l^ij = ^ m Sgn((7) (^iPia{l)a{2) \ y^M3)<T{4)Va{5)<T{6)a 
^ Sg^(^) ^i^(l)<-(2) ( 



d 



— Sgn(cr)(pi^(i)<,(2)^j„(3)^(4) i^^^a{b)a{fi)a{7) 
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We substitute the evolution equation (3.1) into this expression: 

= ^ Sgn(c7) (/lii>?iCT(l)CT(2) + /ia(l)</'ii^(2) + ^!7(2)'Pi<T(l)j) <<i'ia(3)(T(4)</'<T(5)a(6)<7(7) 

+ 51 ^S'^i'^) V>ia{l)a(2) (/ij-<^;(r(3)<T(4) + K{3)Vjl(T{4) + K{4)^M3)l) V a (5) a {6) a (7) 

+ Sgn((7)(^j<^(i)^(2)99ja(3)<r(4) (/ia(5) Vi<7(6)<r(7) + ^a(6)</^<^(5)iCT(7) + /la(7)</'<^(5)a(6)i) 

+ X! Sg'^('^)^'V'HCT(l)cr(2)<Pj<T(3)(T(4)<P<T(5)cr(6)<T(7) 

+ X] Sgn(cr)(^io.(l)CT(2)-'^V;ja(3)o-(4)Vo-(5)a(6)o-(7) 

+ X] '^gIl('^)'^^<T(l)^(2)'^i<T(3)a(4)^Vi<7(5)a(6)a(7) (3.4) 

where we have separated the expression into three terms involving hij and three terms involving . 

Let us consider the terms first. Equation (A. 7) tells us immediately that the last term is zero. 
Let r be the permutation in 6*7 which sends (1, 2, 3, 4, 5, 6, 7) 1— > (3, 4, 1, 2, 5, 6, 7). This permutation 
is even, so sgn{a o r) = sgn(0-). Therefore if we write a' = a or, then the first two terms involving 

can be written as 

Sgn(a) X'Viio-(l)a(2)<^j<7(3)CT(4)</'cT(5)o-(6)(r(7) 

+ X/ ^S^i^')'fiia'i3)cr'{4)X^i'lja'{l)a'{2)<Pa'{5)a'{6)(T'{7) 
o-'gSt 

which also vanishes because of (A. 6). Hence all the AT' terms are zero and thus the vector field X' 
does not affect the evolution of Bij. Therefore it does not affect the evolution of the metric gij or 
the volume form vol either. It is well known that infinitesmal variations in the Of direction do not 
affect the metric. See [4, 14] for other demonstrations of this fact. 

We now return to the terms in (3.4) involving hij. We start with the first term on the first line, 
together with the first term on the second line. These are: 

Sg^{(^)hl'filcr{l)cr(2)'fiM3)(7{4)V>(7{5)a{6)a{7) 
+ X] ^S^i'^)'Piail)a{2)hj(pia{3)a{4)^a{5)a{6)a{7) 

which, using (3.2), are seen to be equal to 

24 {h^Bij + h'jBa) 

Next, we consider in (3.4) the remaining two terms from the first line, together with the remaining 
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two terms from the second line. These are: 

X] Sgn(a-) (/l^(i)i^i;CT(2) +/la(2)</'i<T(l);) '^j<T(3)<7(4)V<7(5)<7(6)a(7) 
+ X! Sgn(o-) ¥'ia(l)<7(2) (hl(^3)iPjla(4) + hl^4)'Pj„(3)l) ^ a (5) a (6) a {7) 

If we consider the permutation r which interchanges 1 and 2, and denote a' = a or, then the first 
Une can be rewritten as 

Sgn((7) /l|^(l)<^j;<^(2)</9ja(3)<7(4)V'<7(5)<T(6)<7(7) 
- X] Sg'l(^') 'iCT'(l)'^i<T'(2);</'ja'(3)<T'(4)</'a'(5)a'(6)a'(7) 

= 2 ^ Sgn(lj) /i,^(;^)(^i;^(2)l^jc(3)cr(4)<Po-(5)cr(6)o-(7) 

by the skew-symmetry of ipijk- The two terms on the second line can be similarly combined as 

2 X! Sgn(CT) /l|^(3)<^j((,(4)¥'j<j(i)^(2)i^<r(5)CT(6)<7(7) 
= 2 X Sgn((T) /l^(i)<^j7^(2)¥'iCT(3)<T(4)V<7(5)a(6)CT(7) 

by interchanging 1 with 2 and 3 with 4. We can now apply (A. 5) to these two expressions (with 
afe = /i^). These terms then become 

2 (-^Bi,h\ ~ + 24(^A,,,>„.g'="/iiyd^)) 

+ 2 (-4(Bh^ - B,,h\) + 24(^A,am/'"/ii Vd^)) 
= 16 Trg {h)Bij - 8 h\Bij - 8 /i^Bi, 

using the symmetry of Bij and the skew-symmetry of ijjijki- 

All that remains now in (3.4) are the final three terms involving hij. These are: 

X Sgn(tT)(/?j<^(l)^(2)<Pja(3)<7(4) (ha{5)Vla{6)ai7) + ^ct(6)'^<t(5);ct(7) + K(7)V(r{5)a{6)l) 

If we consider the cyclic permutation 5 i-^ 6 i-^ 7 i— > 5, which is even, we see that the three terms 
above are actually the same, so we can combine them into 

3 ^ Sgn{a)ipi„i^i)„(^2)^ja{3)a(4)^lcr(5)a{6)hl(7) 

Now we can use (A.4), (again with ak = h\.),io write this expression as 

3 (I J {Bi,h\ + Biih'j + B.ih'i) = 8 Trg(/i)5y + 8 h^Bij + 8 h'jBu 
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Finally, we combine the results of these calculations of the terms in (3.4) to obtain 



d 



24—5,, = 24 {hlBi, + h'jBu) + (16 Tr^ {h)B^j - 8 h\Bij - 8 h\Ba) 



+ (8 T:Tg{h)By + 8 h[Bij + 8 h\B,, 



= 24 (Trg {h)Bij + h\Bij + h}^ Bu ) 
and the proof is complete. 

Corollary 3.2. The evolution of the metric gij under the flow (3.1) is given by 



d_ 
di 



9ij — 



□ 



(3.5) 



Proof. We begin by computing the evolution of det(B) using Theorem 3.1 and Lemma B.2 (which 
applies to any symmetric matrix gij with inverse g''-' ■) 



^det(B) = (|B,,)B'^det(B) 



d_ 
dt 



= {Trg{h)Bij + h\Bij + h]Bu) B^i det(B) 
= {Tvg{h)5\ + h\5\+h\5l^Aet{B) 
= 9Trg(/i)det(B) 

We now use this result to differentiate (2.3): 
d d f I a, 



dt^'' dt Vei det(B)5 



1 / WtBjj l B,,§-^Aei{B) \ 
6i \^det(B)5 9 det(B)^ / 

^_ ( Trg {h)Bij + h\Bij + h\Bu 1 BjjQ Tvg (h) det{B) ^ 
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det(B)s 



det(S)- 



Trg(/i) gij + h\gij + h^gu - Trg(/i) gij = 2/iy 



as claimed. 



□ 



Corollary 3.3. The evolution of the inverse g^^ of the metric and the evolution of the volume form 
vol under the flow (3.1) are given by 



d_ 
dt^ 



d_ 
di 



vol = Trg(/i)vol 



(3.6) 
(3.7) 



Proof. These follows directly from Lemmas B.l and B.2. 



□ 
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Finally we consider the evolution of the Christoffel symbols F^^- . 
Proposition 3.4. The evolution of the Christoffel symbols T^j under the flow (3.1) is given by 



d 



r-, = 5" {^hJl + ^ha-^hi,) 



dt 



(3.5 



Proof. This result is standard and can be found, for example, in [5], Lemma 3.2. (Note that by our 
Corollary 3.2 above, their hij in [5] is replaced by our 2hij.) □ 

3.2 Evolution of the dual 4-form il^ij^i 

We proceed now to the computation of the evolution equation for the dual 4-form = To do 
this directly would be quite complicated, because we would need to compute the evolution of the 
Hodge star operator *. We can avoid this by using the final equation from Lemma A. 12, which can 
be rearranged into the form 



i'ijki = gikQji — gugjk — VijaVkipg"^ 



(3.9) 



This essentially says that, up to some correction terms involving only the metric, the form ip is the 
contraction of <p with itself. 

Theorem 3.5. The evolution of the A-form tpijki under the flow (3.1) is given by 



Qli^ijkl = h^^lpmjkl + h^^imkl + + hl"-tpijkm 

- Xitpjki + Xjifiki — Xkifiji + Xnpijk 



(3.10) 



where = guiXK 

Proof. We differentiate (3.9) with respect to time: 



^ / 



d 



d 



Q^9ik I 9]i + 9ik I g^gji I - I g^gu I gjk - ga I ^5jfc 



(3.11) 



d 

- ^ija^kW \ T^g 



^ \ a/3 ( \ a/3 

-Ql^va I ^kl0g - V^ija I gl'PkW I g 



Using Corollary 3.2 and equation (3.6), the first five terms in (3.11) are 

2 hikgji + 2 hjigik — 2 hugjk - 2 hjkgu + 2 ipija^kiffh"'^ 
Meanwhile the next to last term in (3.11), using (3.1) and Lemma A. 12 is 

a ^ijm ~t~ X 'iprnija) ^kl0g 
= {gmkgjl - 9ml9jk - i'mjkl) " /l™ (ffifeflmZ - gugkm " i>imkl) 

= —hikgji + hugjk — hjigik + hj^ga + hl^ijjmjki + h^tpimki 

- h"^^ ipijmfklp - X'^tprnija^kl^g"'^ 
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Finally, the last term in (3.11) is the same as the next to last term if we interchange i with k and j 
with so it equals 

—hikgji + hjkgu — hjigik + hugj^ + h'^tpmlij + fiTi'kmij 

When we add up these three sets of terms, all the '5 • /i' terms and the V " terms cancel, and we 
are left with 

d 

- X^i^rnijoc^kWg"^ - X"'i;mkla^ij0g'"^ (3-12) 

We deal with the X"* terms above using the final equation of Lemma A. 13. They become 

— {gkm^lij + gkifmlj + gkjfmil — gimfkij — giifmkj — gijfrmk) 
— X"^ {gimVjkl + Qik^mjl + 9il^mkj " gjmVikl " 9jkVmil " gjlfrnki) 
= —Xk^Plij + Xupkij — Xiipjki + Xjipikl 

because the other terms cancel in pairs. Substituting this expression into (3.12) above completes 
the proof. □ 

Remark 3.6. Let the infinitesmal deformation of a G2 3- form (p{t) be given by 

— <p(i) ='ni+V7 + V27 

where r]k belongs to the subspace n| associated to ip{t). Then one can show that the infinitesmal 
deformation of the associated 4-form ^(f) is 

d 4 



This is mentioned in [2, 12, 13] and an explicit proof is given in [10]. The purpose of this remark is 



to clarify that Theorem 3.5 agrees with this result. Let ^(/j = 77 be an arbitrary 3-form. It can be 



written uniquely as 



Zi o 



/i^dr'A(^|^J^)+(Xj^) 



for some vector field X^ and some symmetric 2-tensor /i^. We can write hij = ^Tvg{h) gij + /i?- 
where h^j is the trace free part, and Trg(/i) = g^^hij. Taking the Hodge star, and using (1.4) and 
Proposition 2.14 gives 

*^ = /rcfe'=A(^J^)-X^A^ 
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where = lTTg{h)gij - hij = iTr^W^y - jT^g{h)gij - h% = I {\ g{h) Qa) - h%. In 
coordinates, we have 



- (X' A if) 



= ^f'k'tpmjki dx^ A dc^ A dx'' A cfc' - ^Xiipj^i cfc* A dc^ A dx'' A cfc' 

= ^ {fr^mjkl + fPi^imkl + fJTi^ijml + ^jkm) dx' A dx^ A dc" A dc' 

+ {-Xiipjki + Xjipiki - Xkifiji + Xnpijk) <Jx^ A dx^ Adx'^ Adx^ 
Comparing with (3.10), we see that 

as expected. The approach we have adopted is advantageous, because in this setup 

If 1^ = htdc^^^±_^^^J+^x^^) 

then ^ V = /i^ A J + *(X J ^) 

so the two equations look much more symmetric this way. 
3.3 Evolution of the torsion forms 

In this section we derive the evohition equations for the four torsion tensors of a G2-structure under a 
general flow described by a symmetric tensor hij and a vector field X'^ . We begin with the evolution 
oi'^^p^jk■ 

Lemma 3.7. The evolution ofVt^Pijk under the flow (3.1) is given by 
d 

g-^{M<Pijk) = h1'm(prn3k)+hfm(p,^k) + h'^m^ijm)+X"'{Vli;mijk) 

+ (V, hii)g"'^iprnjk + (V, hji)g"''ip,^k + (V, /ifei).9"V»jm 

- (^ hls)g"^'''(pmjk - m hls)g"^''ipimk - (Vk hls)g"^''ipijm 

+ mX"')^mijk (3.13) 

in terms of hij and X^ . 
Proof. Recall that 

d 

Y7 __,r^ "T^/o P^^^/o "P^/o 

M <Pijk — g^T'iife ~ '-li fmjk ~ ^ Ij fimk — i- IkV'ijm 
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We differentiate this equation with respect to t to obtain 

d_ 
di 



- ^f'\o ^ f'^vA,. f^rA,o {^rA,n 



Now we substitute (3.1) and (3.8) to get 

d_ 
di 



Q 



- 5™^ (M his + /i/s - Vs ft-ii) 

-5™^ (\| hjs + /lis - Vs /iji) <;9imfe 

-5""* (M hhs + Vfe /lis - Vs /ifei) (^ym 

We use the product rule on the first Hne, and see that all the terms involving \| h cancel in pairs. 
The result now follows. □ 

We are now ready to compute the evolution equation of the full torsion tensor Tpq for a general 
flow of G2-structures. 

Theorem 3.8. The evolution of the full torsion tensor Tpq under the flow (3.1) is given by 



d 

Ol'^PI ~ '^P^S "''hmq + Tpig "^Xmq + {^k hip)g "5* ^Pabq + VpXq 



(3.14) 



where Xj = gjkX'^ and X^j = X'^tpkij is the element 0/O7 corresponding to X. 
Proof. We start with Lemma 2.30, and differentiate: 



Tpq = ^§-^{yp^ijk)^qbcdg''9''g'' + ^{^,^ijk)(^^^^^^^ 



d_ 

dt 

d 



^(Vp<^i,-fc)V,6cd [^^/'j g^'g'"' (3.15) 

where we have relabelled indices and used the skew-symmetry of and if) to combine the three terms 
involving derivatives of g. By Lemma 3.7, the first term in (3.15) is 

^ {hT{\ fmjk) + hfiVp ifimk) + K{% 'Pijm) + ^'"(Vp Vmi.fe)) ^qbcdg'''9'''9'"' 

+ ^ ((Vs hip)g"''ipmjk + (Vs hjp)g"''ipimk + H hkp)g"''^ijm) ^qbcdg'^g^'^g''^ 

- ^ ((^i /ips)g">mjfc + (Vj hps)g"'''<fimk + (Vfc hps)g""'ipijm) ^qbcdg'^g^'^g^'^ 
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Again exploiting the skew-symmetry of and and relabelling indices, the above expression sim- 
plifies to 

+ ^iyship)g^'^mjki^gbcd9"'9'''9'"^ - ^mhps)9"''<Pmjk^gbcd9"'9'''9'"^ 

+ ^m>X"')i^^,,ki^gbcd9"'9"'g'"' 

Now wo use Proposition A. 17 on the second term, Lemma A. 13 on the third and fourth terms, and 
Lemma A. 14 on the fifth term above to obtain 

^m,^mjk)i^gbcdh'^''9"'9'"' + ^X"'m>'Pmjk)'Pgcd9''9'"' 



1 
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(VpX™)(245^,) 



Finally using the symmetry of h and skew-symmetry of if, the third and fourth terms above combine, 
and hence we have written the first term of (3.15) as 

^(Vp (p™jfc)V9hcd/j"V^5'' + ^^"(Vp 'Pmjk)Vgcd9'''9'"' + (Vi + % (3.16) 

We now consider the second term of (3.15). Using Theorem 3.5. It is 

^(M- Vijk) [K^i^mbcd + Ki^qmcd + Ki^qbmd + Ki^qbcm) 9^ 9^" 9^"^ 

+ {-Xqifibcd + X}jifqcd - XciPqbd + XdiPqbc) 9''' 9^'^ 9'"'' 

As usual, by exploiting symmetries, this simplifies to 

l(Vp ^ijk)h^i>mbcd9'''9'^9'"' + ^(Vp Vijk)hTi'qmcd9'''9'''9'"' 

--^Xq{\^,.jk)vbcdg'^g'''g'"^ + ^Xbm,^^,k)'Pqcd9'^9''9'"^ 

The third term above vanishes by Proposition A. 16. Therefore we see that the second term of (3.15) 
can be written as 

Tp"^K + ^vk)%mcdh'^"'9''9'''' + ^X\Vp ^ijk)^qcdg''9"' (3.17) 

Finally, using equation (3.6), the third term of (3.15) is 

-^(Vp ^ijk)i^qbcdh"'9'''9'"^ (3.18) 
Adding the expressions (3.16), (3.17), and (3.18) gives 

^Tpg = Tpmh"^ + ixXVp <Pm)'Pqcd9''9'"' + (Vi hps)9"''v>mqb9"' + ^> X^ (3.19) 
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All that remains now is to rewrite the second term in the above expression. Using 'Vpipijk = 
Tpng"^""ipmijk and Lemma A. 13, we see 

Substituting this into (3.19) and relabelling some indices gives 
d 

which is what we wanted to prove. □ 

We can now derive the evolution equations of the four independent torsion forms using Propo- 
sition 2.31. We use (•,■) to denote the matrix norm: {A,B) = AijBkig^'^g^^ ■ Note that in 
the case of skew-symmetric matrices, this differs from their norm as 2-forms by a factor of 2. 
Furthermore, [A, B]pg = Apig^"^Bmq — Bpig'-"^Amq is the matrix commutator while {A, B}pq = 
Apig^'^Bmq + Bpig^'^Amq is the anti-commutator. 

Proposition 3.9. The evolution equations of the scalar torsion tq and the symmetric traceless 
torsion T3 under the flow (3.1) are given by 

|ro = Trq{h)To + ^ {h, rs) - ^ {X, n) + ^ g^'^i^p X,) (3.20) 



d_ 
dt 



and 

= (-^Tr,(ft)To + ^{h,Ts) - i(X,ri) + ^5^«(VpX,)) g,j 
+ \ Tohij + ^{h, T3}ij + ^ [h, n]ij - ^ [h, T2\ij 

- 2 [^''^slij - 2 {X,Ti}ij + - {X,T2}ij 

- ^(Vfc/lH)5'"5'Va6,- - ^(Vfe/K^O^'^^^'VaW 

-^mXj+VjXi) (3.21) 
Proof. We have tq = ^ g'^'^Tpq. Differentiating and using Theorem 3.8 and (3.6), 



= - ^ hP^Tpq + ^ gP'^ {Tpig'^h^q + Tpig'^X^q + (V^ /iip)5'"5^Va6g + Vp Xq) 

= ~ {T, h) - ^{T,X) + ^(V, h'"^)Vabq + ^ g^'i^Xq) 

where we have used the symmetry of h and the skew-symmetry of X. The third term vanishes 
by the skew-symmetry of ip. The result now follows by recalling that Tim = \ Togim — (^3);^ + 
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{Ti)im — \ {'T2)im and that this decomposition is orthogonal with respect to the matrix inner product. 
Equation (3.21) is proved similarly using (ra)^ = j rogy — \ {Tij +Tji) and substituting (3.20) into 
the computation. We omit the details. □ 

Before we can compute the evolution equations for ri and T2, we need the following preliminary 
result. Define a linear map P which takes 2-tensors to skew-symmetric 2-tensors by {P{A))pq = 
Aijg^'^g-'^ipabpq- Clearly the symmetric 2-tensors arc in the kernel of P, and by Proposition 2.6, we 
have P{C7 + C14) = -4 C7 + 2 C14 where C7 G fi^ and C14 € ^^14. 

Lemma 3.10. IfC = C7+C14 is a skew-symmetric tensor, then the evolution of the skew-symmetric 
tensor P{C) under the flow (3.1) is given by 



-2 7r7([X,Ci4])y +2^i4([X,C7])ij (3.22) 



:{P{C))i^ = (P(^C)),,+6 7r7({/i,Ci4}).,-6 7ri4({/i,C7})i,- 



where 777 and nu denote the projections onto fl'^ and fl^^, respectively. 
Proof. Using (3.6) and (3.10), we see that ^ {Cabg"'^ g^'^i^pqij) equals 

= {P{^C))ii - 4 Cabh''''g'"'i^pqij + CM^^g'" [hli^igij + h[i,pHj ) 

+ Cabg"'^ g^'' {hii>pqlj + hjippqil — Xpipqij + Xglfpij — XuPpqj + Xjlfpqi) 

= {P{^C))ij - 2 C„6/i"V>p,ii + h\{P{C))ij + {P{C))uh] 

+ 2{CabX\ry-Pinj - G {C7)jX, + 6 {c^yxj (3.23) 

where we have used the skew-symmetry of C and of <^ and relabeled indices to combine terms. The 
second term above can be written as 

-2haig'"'Cmbg''Pg^'iijpq,j = - {haig'"'C^b + Caig'"'h^b)g^Pg'"^i;pq,, 
= - {h, C}abg"^g'"^ijpq,, = - P{{h, C})ij = 4 {TTr{h, C})ij - 2 (m^ih, C})ij 
= 4 {wr{h, Cr})ij + 4 {nrih, Cu})ij - 2 {iruih, Cr})ij - 2 {7ru{h, Cu})ij 

Meanwhile the third and fourth terms of (3.23) become 

{h,PiC)},j^{h,-4Cr + 2C\i},j 
= - 4 (7r7{/i, Cr}),j + 2 {TTr{h, CuDy - 4 {TTi^{h, Cr}),^ + 2 {7Tii{h, Cii}),j 

Combining these expressions, after some cancellation we see that 

- {Cabg^Pg^'i^pgij) = {P{Q-C))i3 + 6 M{K Cw}),,- - 6 T,u{{h, Cj})i^ 

+2(a6X''5»P)^pi,- - 6 {Cy)jXi + 6 (C7)iXj (3.24) 
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Consider now the third to last term above. In the notation of Proposition 2.12, this is 2C{X)ij, 
which by (2.15) and (2.14) is 

2(Cr(X),,- + Ci4(X)i,) = 2(-l [Cr,X]ij - ^ (Cr),X,- + ^ {Cr)jXi + [C,,,X]ij) 
= — [Ctj + 2 [Ci4, X]ij — 3 {Cj)iXj + 3 {Cf)jXi 
Hence the final three terms of (3.24) are 



— [C7, X]ij + 2 [Ci4, X]ij + 3 {C'/)iXj — 3 {Cj)jXi 

1 2 

= - 2 [C7, X]ij + 2 [Ci4, + 2 (C77 X X)ij 



[Cr, X]i, + 2 [Ci4, X],, + 3 ( - - [C7, + - (C7 X X)i,- 



using (2.16). By equation (2.18), the first and third terms above combine to give —2TTi4{[Cj,X])ij. 
Also, equation (2.14) says [C14, X] = 7r7([Ci4, X]). Equation (3.22) now follows since the commutator 
[■, ■] is skew-symmetric in its arguments. □ 

Proposition 3.11. The evolution equations of the vector torsion ti (as a fl^-form) and the Lie 
algebra torsion T2 under the flow (3.1) are given by 



^(Ti)ij = Trri^[h,T3]ij + ^{h,Ti}ij + ^{h,T2}ij) + nu{{h,Ti}ij) 



+ \ ToXij + T^7{~ {X, T3}ij - ^ [X, Tl]ij + ^ [X, T2]ij) + 7ri4(-^ [X , Tl]y ) 

- ^<7''«(Vp V)5'V/i, + I (Vfe Tr,(/i))5'=V(,, 

+ I (Vp X,)gP-g'^''^,,k9'''^iij (3-25) 



and 



d 1 

^(T2)ij = 'J^7{{h,T2}ij) +TTi4{-[h,T3]ij + {h,Ti}ij + -{h,T2}ij) 

+ 7r7(~i [X,T2]y) +7ri4({X,r3}y + i [X,ri]y) 

- {ykhu)g'"'g^''ipabj + {^khij)g'"'g^''ipabi 

- ^5^''(Vp/iqfe)/VHi + Trg(/i))ff'=V;y 

- M Xj +VjXi + ^ (Vp X,)5f»5«Va6fc5'=VH,- (3.26) 
Proof. This is a tedious but straightforward computation. By Proposition 2.31, 
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where Cij = \{Tij — Tji) = (Ti)ij — i {T2)ij- Now we use Theorem 3.8, together with Lemma 3.10 
and repeated apphcations of Proposition 2.6. We also need Lemmas A. 12 and A. 13 to put the terms 
involving V/i and VX in the form given in (3.25) and (3.26). We omit the details. □ 

Remark 3.12. The evolution equations given in Propositions 3.9 and 3.11 are clearly quite com- 
plicated. Ideally one could find an hij and X'' depending on the four torsion tensors (and their 
covariant derivatives) for which these evolution equations become simpler. The sequel [16] to this 
paper will discuss several specific flows of G2-structures. 

4 Bianchi-type identities in G2-geometry 

In this section, we apply the evolution equations from Section 3 to derive Bianchi-type identities for 
manifolds with G2-structure. As a consequence, we obtain explicit formulas for the Ricci tensor and 
part of the Riemann curvature tensor in terms of the full torsion tensor. This leads to new simple 
proofs of some known results in G2 -geometry. 

4.1 Identities via diffeomorphism invariance 

Let a be a smooth tensor on a manifold M, defined entirely in terms of some other tensor /?. We 
write a = a[(3]. Suppose ft is a one-parameter family of diffeomorphisms of M such that /o is the 
identity, and = Y for some smooth vector field Y on M. Then, by diffeomorphism invariance, 
we have 

/;(«[/?]) = «[/;(/?)] 

where denotes the pullback by ft- Differentiating with respect to t and setting t = gives 

CYa= {Da)[CYl3] (4.1) 

where Da is the linearization of the tensor a as a function of /3. Explicitly, if (3{t) satisfies 

^/3(t) = then (Da)(/3i) = ■§^{a[l3{t)]). Since (4.1) holds for any vector field Y, this yields 
identities involving a. This idea was exploited by Kazdan in [17] to show that the first and second 
Bianchi identities of Riemannian geometry were consequences of the diffeomorphism invariance of 
the Riemann curvature tensor Rijki as a function of the metric gij. A discussion can be foimd in [5]. 

We will apply this idea to the setting of G2-geometry, to derive 'Bianchi-type' identities. First, 
we note that from (1.7), we have 

{CY(phk = (W (fihk + m Y^)<fiijk + (Vj Y^)(puk + (Vfc y (4-2) 

This should be compared to the well-known analogous expression for the Riemannian metric: 

{£Y9)ij = {Vi Y%j + {Vj Y%i =ViYj + Vj Yi (4.3) 

which also follows from (1.7) since Vg = 0. 

Proposition 4.1. The diffeomorphism invariance of the metric g as a function of the 3-form (p is 
equivalent to the vanishing of the fif © fi^r component of Vy (p for any vector field Y. This is the 
fact which was proved earlier in Lemma 2.24.. See also the discussion following Remark 2.25. 
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Proof. Equation (4.1) for g\(p] says 

{CYg)ij = ^ IS- + Vj Yi = {Dg) [Cy^] (4.4) 

By equation (3.5), the right hand side above equals 2hij where the symmetric 2-tensor hij and the 
vector field X'' are defined by the decomposition of the 3-form Cyif as 

{CY(f)t3k = ^/l»m5"Vijfe + ^'"-iAmy-fc (4-5) 

Consider the last three terms of (4.2). They can be written as 

Aimg'^^'filjk + Ajm9"'^V>ilk + Akm9'"^'Pijl (4.6) 

where Aij = ViYj. Prom the discussion following Remark 2.8, the flf ® component of this 

expression is jSim.g^^^'^ijk where Sij = \{Aij + Aji) — ^{Vi Yj + \7j Yi). Since 2 Sij is already equal 
to the left hand side of (4.4), we see that equation (4.4) holds for all Y if and only if the fJf © fJjy 
component of W vanishes for all Y. □ 

We pause here to note that this result enables us to explicitly describe the decomposition of 
into a symmetric tensor hij and a vector field X'^ as given in (4.5). We already remarked in the 
proof of Proposition 4.1 that 

h^J=l{^^Yj+VJYi) (4.7) 

Also, from (2.19) and (4.6), we see that the component of the last three terms of (4.2) is 
Z"Vmifc where = -1 Q(V„n - ^F,)^ ^VVi.fc^'" 

= -^(Van)ffWi,-fc5'" 

using the skew-symmetry of tpijk ■ Now combining this with \^ (pijk = Timg"^""tpnijk , we see that X'^ 
is 

X'^ = Y'Timg""' - I (V„ n)ff''*5'Viimff'"' (4.8) 

in equation (4.5). 

Using (2.28) and Theorem 3.5, one can consider the analogous calculation of diffeomorphism 
invariance for the 4-form ^ as a function of (p. It is straightforward to check that in this case no 
new information is obtained. Therefore we turn our attention to the full torsion tensor Tim. 

Theorem 4.2. The diffeomorphism invariance of the full torsion tensor T as a function of the 
3-form (p is equivalent to the following identity: 



^i'^jl ~ '^i'^il = TiaTjbg°"^g'^^mnl + -^Rijabg°'"^g^"'Vmnl 



(4.9) 



Proof. Equation (4.1) for T[ip] says 

{CYT)ij = Y' {M Tij ) + (Vi )Tij + {Wj )Tu = (DT) [LYf] (4.10) 
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By Theorem 3.8, the right hand side above equals 

Tiig^^'hmj + Tag^^'Xmj + (V^ hu)g>"'g^>>ipabj + ^ Xj (4.11) 

where the symmetric 2-tensor hij and the vector field X'^ are given by (4.7) and (4.8), respectively. 
Remark 2.8 shows that 

Xmj = X'^ipkmj = Y^Ting'^'ipkmj - ^ {^aybig"^ g^'^Vpqng''^ Vkmj 

^ ^ln9 '^kmj ~ {^a ^bjS ^9 ^ {ffpmdqj 9pj9qm ^^pqmj^ 

= F'T,„5"V/tmi-^V„Fj + i^y„ + i(V„n)5''VV'pgmj (4-12) 
Substitute (4.7), (4.8), and (4.12) into (4.11) to obtain 



pqmj 



Tug'"" {^-^{ymYj+VjYrr,) 

+ Tug'"' (^y''T6„5"Vfcm,- - ^ V„ F,- + ^ ^- + ^ (V^ n)^"^^'"'^^: 
+ Vfc Q m Yi + Vi Yi)^ g'^'^g^'^abj + ^ (^"^6^ - ^(V„ Yb)g'^Pu ^p^, 

Now we expand the above expression using Wi ipabc = Timg"'""4'nabc and the product rule, and collect 
terms. After some cancellation, we are left with 

{Vj Y')Ta + {ViY'')Tbj + Y'^nj) + Y''TbnTug'"'g'"'vkmj 

+ l{^^Yi + Vk^ Yi)g^'^g'\^bi - ^ (V^ V„ n)5"^ff''Vp« 

for the right hand side of (4.10). Substituting this expression into (4.10), cancelling terms, rear- 
ranging, and relabeling indices gives 



Y'{MTij)-Y\ViTij) = Y'Ti^Tibg'^^g^ip^nj (4.13) 

1 

2' 



+ ^ (Vfe M + Vfe Vi Yi - Vi Vfc FOff^^^s'Vab,- 



Consider the last term in (4.13). Using the Ricci identity (1.9) and the skew-symmetry of we 
have 

^(Vfc ^ Y,)g''^i\ab, = ^(Vft X? - M Vfe F)ff'"5'Vafe, 

= -\Rm^Y^g'"'d\abi 



and also 



= —-^{Rkilm — Rlikm)Y"^g''°'g^^'fiabj 
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Putting these two expressions together, the last term of (4.13) becomes 

— -^{Rklim + Rkilm — Rlikm)Y"^ Q^"' q''^ i^abj = —^{ — Rmikl + Rmlik + Rmkli)y™' 9^'°' 9^^ '■Pabj 

= —-^{ — Rmikl—Rmikl)y^9^°'9''^^abj 
— mikl^ 9 9 ^abj 

where we have used the symmetries of Rijki in the first line, and the Riemannian first Bianchi 
identity (1.8) in the second line. Hence (4.13) becomes 

Y'^Ti^) - Y\ViTi,) = Y'TAg'^^g"^^^^^ + \Y^Rmiki9'"'9'\abi 
Since this must hold for any Y, after relabelling indices this is exactly (4.9). □ 

Remark 4.3. The identity (4.9) can also be established directly by using (2.29), (2.28), Lemma A. 13, 

and the Ricci identities. However the proof above shows that (4.9) is equivalent to the diffcomorphism 
invariance of the full torsion tensor Tj^, and as such it deserves to be called a Bianchi- type identity 
for G2-geometry. 

Corollary 4.4. The following identity holds 



\^r^ - 9''^ Tu = -6Ti,{nr - \Rabji9'''^ 9""" 9^' Vmni 



(4.14) 



We call it the contracted Bianchi-type identity for G2-geometry. 



Proof. This follows easily by contracting (4.9) on j and Z, and using the fact that Ti^ = jTogim — 
{r3)im + (Ti)im " 5(^2);™ and equation (2.11) for n. □ 

Remark 4.5. The usefulness of (4.14) is that it shows that the 'divergence-like' expression 9^''Vj Tu is 
equal to a gradient plus zero order terms in the torsion and curvature. This can potentially be used 
to simplify expressions, in the same way that the contracted second Bianchi identity of Riemannian 
geometry is used in Ricci flow. 

4.2 Curvature formulas in terms of the torsion tensor 

We now examine some consequences of Theorem 4.2. For i and j fixed, the Riemann curvature 
tensor Rijki is skew-symmetric in k and /. Hence we can use (2.9) and (2.10) to decompose it as 

Rijkl = (7r7(Riem))yfe; + (7ri4(Riem))ijfc; 

where 

(7r7(Riem))yfe; = ^Rijki - ^Ri]abg''^9'"''^Ppqki (4-15) 
2 1 

(7ri4(Riem))yfe; = -Rijki + -^Rijab9°'^9'"'^pqkl (4.16) 

O D 
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Furthermore, by Remark 2.8, we also know that 

(7r7(Riem))yfc; = (7r7(Riem))^ t^^fc; (4.17) 

where 

(7r7(Riem))^ = ^ii^.H^'^^'VafecS"" 
Thus the identity (4.9) can be expressed as 

3 (7r7(Riem)),'^5„i = M T,i - Vj Tu - Ti^T.^g'^'^g'^^ip^^i (4.18) 

Remark 4.6. The fact that the fJy part of the Ricmann curvature tensor can be expressed entirely 
in terms of the fuU torsion tensor Tim was first demonstrated using frame bundle calculations in 
section [4.5] of [2]. 

Corollary 4.7. // ihe G2-struct,ure ip is torsion-free, then the Riernann curvature tensor Rijki € 
Sym^(i7^) actually takes values Sym^{ftl^), where $7^4 = Q2, the Lie algebra 0/G2. 

Proof. Setting T = in (4.18) shows the for fixed i, j, we have Rijki S Ctl^ as a skew-symmetric 
tensor in fc, /. The result now follows from the symmetry Rijki = RkUj- CH 

Remark 4.8. This result is well-known. When T = 0, the three form ip is parallel and the Riemannian 
holonomy of the associated metric is contained in the group G2. It is a general fact that the Riernann 
curvature tensor of a metric with holonomy contained in a group G is an element of Sym^(g), where 
is the Lie algebra of G. Here we have a direct proof of this fact in the G2 case. 

Lemma 4.9. Let Qiju = Rijabg°'^9'"^'4^pqki- Then we have Qijkig^^ = 0. 
Proof. We use the Riemannian Bianchi identity (1.8) and compute: 

Qmg'' = Rijab9''''g''yjpgkig" 

= -{Rla^b + Ra^Jb)g''''9''i^pgklg'' 

= Rajibg°'^g'"''>ppqkig'''' + Rbjaig°'''g'"^->Ppqkig'''' 
= - Ra3ibg''g'"'i^iqkpg'''' - Rbjarg^^'g^'^pik^g"" 

~ Qajkp9 ^ Qbjkqg ^ 

and thus iQijug^^ = 0. □ 

Remark 4.10. This is essentially Proposition [3.2] in Cleyton-Ivanov [7]. 
Corollary 4.11. The Ricci tensor Rjk can be expressed as 

3 

Rjk = Rijkig'^ = 3 (7r7(Riem))yfe;5*' = - (7ri4(Riem))yfc(5'' 
Proof. This follows immediately from Lemma 4.9 and equations (4.15) and (4.16). □ 

Corollary 4.12. The metric of a torsion-free G2-structure is necessarily Ricci-flat. 

Proof. From Corollary 4.7, we have 7r7(Riem) = 0. The result then follows from Corollary 4.11. □ 
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Remark 4.13. When the G2-structure is torsion- free, the associated metric g has holonomy contained 
in G2, and it is a classical fact due to Bonan [1] that such a metric is Ricci-flat. The original proof 
depends on the fact that the conditions on the Riemann curvature tensor implied by the Lie algebra 
structure of 02 sltc too strong to have non-zero Ricci tensor. Here we have a direct proof. We were 
also informed of a simple representation-theoretic proof of this fact by Bryant [3] . 

Remark 4.14. Corollary 4.11 also implies that a G2-structure whose Riemann curvature tensor is 
in Sym^ifl'^) is also Ricci-flat. However, this can only occur if Rijki vanishes identically (that 
is, the manifold is flat). To see this, suppose 7ri4(Riem) = 0. Then for fixed we have that 
Rijki = AYjfmki because it is in fif as a skew-symmetric matrix in k, I. But for fixed k, I, it is also in 
fi^ as a skew-symmetric matrix in i,j, so A^!- = A™^''(pnij, and hence Rijki = A"™ifinij'Pmkl- Since 
Rijki = Rkiij, we have A"™ = A"^" is symmetric. Now by Corollary 4.11, we have 

= Rjk = Rijkig^'' = A^'^tpnijfmkig''^ 

~ ^ {,9nm9jk QnkQjrn '^njmk) 

= -Tvg{A)gjk + Ajk + Q 

Taking the trace gives 6Trg(A) = 0, hence Ajk = 0, and therefore Rijki = 0. 

Corollary 4.11 allows us to derive an explicit formula for the Ricci curvature of the metric of any 
G2-structure. 

Proposition 4.15. Given a G2-structure ip with full torsion tensor Tim, its associated metric g has 
Ricci curvature Rjk given by 



Rjk = mTjm - ^j Tim)Vr.kig"'''g'^ 

- Tjig^%k + Trg (T)T,fe - T^bTiag^g'^PiJipqkg'"' 



(4.19) 



This can also be written in the form 



Rjk = mTjm'Pnkig"'"g'')-mTrn'Pnkig"'^g'') (4.20) 

- T.ig'^Tk + Trg{T)T,k + T^bTtag^' g'^^i^ip^kg"" 
( note the change of sign on the last term.) 

Proof. We use Corollary 4.11 and equations (4.17) and (4.18) to compute: 

Rjk = iSi '^jm — ^ Tim — TiaTjbg'^^ g^'' ifpqm) g'^^ <Pnkl g'''' 

= m Tjm - ^ Tm)fnkig"'''g'' - TaTjig'^P g'"^ g'\gpkgqi - gpigqk - ^pqu) 
= m Tjm - Vj Tim)'Pnkig"'"g'' " T.^Tjig^' + TuTjkg'' - TjbTi^g^'g'^PiJipgkg'" 

using Lemma A. 12. To obtain (4.20), we write 

(Vi Tjm)Vnkig"'''g'^ = Vi {TjmV'nkig"'^g") - Tjm {Vi Vnkl )5""5'' 

= Vi {Tjm^nkig"'^g'') - TjmTipgP''%nkig"'''g'' 

and similarly for the other term involving VT. The two extra terms add up and are negatives of the 
last term in (4.19). The details are left to the reader. □ 
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Remark 4.16. Robert Bryant derived a formula, equation [4.27] in [2], for the Ricci tensor in terms 
of the intrinsic torsion in the language of frame bundles and canonical G2-connections. Our for- 
mula (4.19) is an equivalent expression in the language of local coordinates. Additionally, equation 
[4.30] in [2] cxpresseses the Ricci tensor in terms of the four independent torsion forms and the 
representation-theoretic operators 'Q' and 'j.' Our expression for Rjk in terms of Tim can also be 
combined with Theorem 2.27 to obtain an expression for Rjk in terms of tq, n, T2, and ts. 

Remark 4.17. Cleyton and Ivanov [7] also derived a formula for the Ricci tensor for closed G2- 

structures in terms of Sip. 

Corollary 4.18. Given a G^-structure Lp with full torsion tensor Tim, its associated metric g has 
scalar curvature R given by 



21 , , ,0 1 



i? = -12 f/'\^ (n) , + — r,f - |r:.r + 5 In 



8 " ' ' ' ' 4 



(4.21) 



where \A\^ = Aij A^ig^^ g-'^ is the matrix norm. 

Proof. We use (4.20) and trace R = g^^Rjk to obtain R = 

-2 g''^ {T^m^knig^'^g"''') - TjiTikg^'g^'' + (Tr,(T))2 + T,-6(Ti„/5«f (4-22) 

Now recall that Tim = \rogim - (ts);^ + (ti);^ - |(r2)im from Theorem 2.27. Using the fact that 
the four components of Tim are mutually orthogonal, and that T3 is symmetric while ti and T2 are 
skew-symmetric, the second term in (4.22) becomes 

- (j'^ogji - {T3)ji + {n)ji - ^(7-2)^;^ Q-roffife - {n)ik + {n)ik - ^{T2)ik^ g^^g^^ 

= -YQ^l-\n\' + \ri? + \\r2\' 
The third term is jf Tq . We use Proposition 2.6 on the third term to write it as 

Tjb ^Qrofilia - {T2,)ia + (n)ia " ^{T2)i(^ g''' g^^^lpqk^ 9^'^ 9^*" 

= Tjb (0 + 0-4 (n),, - {T2)gk) gV =Mnf-l Ir^f 

Combining these three expressions gives the last four terms of (4.21). Finally, for the first term 
of (4.22) we note that by Proposition 2.6 and (2.11), we have 

TjmVknig"'g"''' = {Ti)jmfkuig"'g"''' = 6 {n)i 

and the proof is complete. □ 

Remark 4.19. The equation (4.21) agrees exactly with equation [4.28] of [2]. It looks different because 
Bryant is using the differential form norms, while we use the matrix norms in our equation (4.21). 



40 



We close this section by considering a specific subclass of G2-structurcs, namely those for which 
the only nonvanishing component of the torsion tensor is tq, the scalar torsion. These are sometimes 
called nearly G2 manifolds. In this case we have dip = and dip = TQtp, so differentiating the second 
equation gives liro Aip = 0, and hence rfro = 0, since wedge product with -ijj is an isomorphism from 
fiy to nf. Thus To is constant and hence ViTji = in this case. Substituting into (4.20) gives 

^jk — 9jk 

and we recover the known fact that nearly G2 manifolds are always Einstein with positive Einstein 
constant. The squashed 7-sphere S"^ is an example of such a manifold. 

A Identites involving if and ip 

In this section we derive several useful identities involving the 3-form ip and the 4-form ijj for a 
manifold with a G2-structure. Some of these have appeared previously in [7] and in [2]. Here we 
give proofs of them as well as some new identities. Some identities are described invariantly and 
others in terms of arbitrary local coordinates. 

A.l Bcisic relations of G2-geometry 

The main ingredients for deriving the identities of G2-geometry are the following: 
Lemma A.l. The metric g, cross product x, and 3-form (p satisfy the following relations: 

g{uxv,iu) = ip{u,v,w) 

{uxvf = v^u^ip = *{v!' Av^ Alp) (A-.2) 
u X {v X w) = —g{u,v)w + g{u,'w)v — {u_iv^w^ip)^ (A-3) 

where u,v,w are vector fields and denotes the 1-form which is metric dual to v. 

Proof. See, for example, [14] for a proof. Note that in [14] there is a sign error in (A. 3). With the 

sign convention used in that paper, the last term should have a plus sign instead of a minus sign. 
In this paper we use the opposite orientation convention, and so (A. 3) has a minus sign in front of 
the last term. See also [15] for more about sign conventions and orientations. □ 

From Lemma A.l, we get: 
Corollary A. 2. Let a, b, c, d be vector fields. Then 

g{a X b,c X d) = g{a Ab,cAd) — ip{a, b, c, d) 

Proof. We compute 

g{axb,cxd) = (p{a,b,cxd) 

= —ip{a, ex d,b) 

= -g{a X (c X d), b) 

= -9{-9{a, c)d + g{a, d)c - (aj cj dj tpf, b) 

= 9{a, c)g{b, d) - g{a, d)g{b, c) + c, a, b) 
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which is what we wanted to prove. □ 

We will also have occasion to use the following relations, whose proofs can be found in [14]. 
Proposition A. 3. Let a he a 1-form on M, let w he a vector field on M, and he the l-form 
dual to w. Then the following relations hold: 

M' = 7 |V|' = 7 

\ipAaf=4\af IV' Aa|^ = 3|a|^ 

*{ip A *{ip A a)) = — 4q! A *{ip A a)) = 3a 

tp A *{ip A a) = If A Aa) = -2ip A a 

*(ip Aw^) = w_iip A w^) — w_i(p 

ip A {w_\ If) = —2* {w_\ (fi) V A (w J 93) = 3 * 

(fi A (w J ip) = ~4 * V A (w J 'tp) = 

A. 2 Some coordinate-free identities of G2-geometry 

Wc now derive some identities which are useful for describing the decomposition of the space of forms 
in Section 2.2 and for computing the evolution of the metric g from the 3-form ip in Section 3.1. 
Lemma A. 4. Let u, v, and w he vector fields on M. Let , , and denote their dual 1-forms 
with respect to the metric g. Then the following identity holds: 

* ((uj tp) A (w J if) A (w J (f)) = —2g{u, v)w^ — 2g{u, w)v^ — 2g{v, w)u^ 

Proof. We begin with the general relation between (fi, g, and the volume form: 

(u J (p) A {v_\ (p) Aip = —6g{u, v)\/o\ 

Taking the interior product of this equation with w and using the fact that wjvol = *w'', we obtain 

—6g{u,v)*w^ = (w^u^ip) A {v_iip) A (p + (u^ip) A (w^v^ip) A ip 
+ (u J p) A {v_\ p) A {w_\ ip) 
= -2{u X wf A*{v_\p) - 2{v X wf A*{u_\(p) 
+ (u J (p) A {v^ (p) A (w J (p) 

where we have used equation (A. 2) and the relation {v_\(p) A<p = —2* {v_\(p) from Proposition A. 3. 
We rearrange this equation and use ip) = v'' A ip to obtain 

{u_\(p) A {v_\ip) A {w_\ip) = -6g{u,v) * - 2v^ A {u X wf Alp 

- 2^ A{v xwf Alp 

We now use (A. 2) and (A. 3), and take * of both sides to get 
* ((m J p) A (w J (^) A (w J ip)) 

= —6g{u, v)w^ — 2{v X {u X w))^ — 2{u x {v x w))^ 

= ^6g{u, v)w^ — 2 ^— v)w^ + g{v, w)u^ — {v_i u_i w_iip)^^ 

— 2 (^—g{u, v)u}' + g{u, w)v^ — (u J f J w J V')"^ 
= —2g{u, v)w^ — 2g{u, w)v^ — 2g{v, w)u^ 
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and the proof is complete. □ 
Remark A. 5. If we put u = v = and w = this identity takes the form 

f d d d \ 

* V^"' '^^ ^ ^ '^'^ ^ '^^ ) = {9ij9im + 9ii9jm + 9ji9im) dx"" 

If we take * of both sides of this equation, and wedge both sides with an arbitrary 1-form a = akdc'^, 
we get 

/ Q g d \ 

" ^ I ^ ^ ^ ~^ (5y"5im + giigjni + 9ji9im) Oikdx'^ A ^dx^ 

^as^iPis-,s^V>js3SiVis5ssdx^^ A ... A dx^'' = -2 {gijgim + gugjm + gjigim) otkg^"'^o\ 
and hence 

i ^ sgn(cr) ¥'ia(i)a(2)¥'i<7(3)<7(4)'y?i<7(5)(T(6)aa(7) dx^ ^.../\dx^ 

= -2 {gijUi + guttj + gjiUi) \/Aet{g) dx^ A . . . A cfc'^ 
which yields the useful relation 

^ sgn(cT)(y9i<,(i)<,(2)iyJj>(3)<,(4)iyJi<T(5)<7(6)a(7(7) = "16 {gijai + 5ii(aj + g^iUi) \/ det{g) 
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(Bjj-a; + Biiaj + Bjim) (A.4) 



using the fact that Bjj = —Qgij \Jdet{g). 

Corollary A. 6. Let u, v, and w be vector fields on M. Then the following holds: 

* {{v_\ w J tp) A (u J (f) Atp) = 2g{u, v)tu' — 2g{u, w)v'' + 2* (u j t; j w j V')' 

Proof. This can be seen in the proof of Lemma A.4 above, by observing what happens to the 
appropriate term. □ 

Remark A. 7. If we put v = w = and u = this identity takes the form 
^'^'^ ^ ^ 2{gijg,m - gjigim + i'tijm)dx"'' 

If we take * of both sides of this equation, and wedge both sides with an arbitrary 1-form a = akdc'^, 
we get 

f d d d \ 

a A { (^-1 ^) A (g^-l V>) ^Vj = 2{gijgim - gjigim + tpiijm)akdx'' A 

Y^Ols^^ils^lfjssSiVsssesjdx"^ A ... A cfe'"' = 2{gijgim - gjigim + '4}iljm)Oikg^"'^o\ 
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and hence 
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= 2 (^ij-ai - 5jjQ!; + i}iijm9'''^0ik) Vdet(fif) cfe^ A . . . A cfe^ 
which yields the useful relation 

X sgn(a)a^(i)<^ii<,(2)<^j<,(3)<,(4)</?a(5)<r(6)<T(7) = 24{gijai- gjiai+iiiijrn9'''^ak) \/^et{g) 

= -A{Bija.i - BjiUi) 

+ 24 ^ujm9''"'ak (A.5) 

where wc have again used Bij = — Gg^ ■\/dct(g). 

Proposition A. 8. Lei m, and w he vector fields on M. Then the following holds: 

(m J v_i V) ^ (^-1 A = (f J V') A (u J w J ifi) A(p 

Proof. We start with the (necessarily zero) 8-form 

{v_i ip) A (w J (^) A <p = 

and take the interior product with u. This gives 

(m J u J V") A (w J (^) A = (w J V') A (w J w J (p) A + (w J V') A (w J (/s) A (u J (p) 

from which the result follows, using the fact that {v^ip) A {w^(fi) A (wJv') = for any u, v, w which 
is proved in [14], Theorem 2.4.7. □ 

Remark A. 9. If we put u = w = and v = this identity takes the form 
In coordinates this becomes 



and hence 



X sgn(c7) Vzia(i)<T(2)'^j<T(3)rT(4)'^CT(5)<T(6)<T(7) is skew-symmetric in j. (A.6) 
We also remark that the identity {v_i tjj) A {w_\ ip) A (u J (^) = in local coordinates becomes 

X Sgn(CT) V3i^(l)^(2)V3jCT(3)<T(4)'0i<T(5)<j(6)<T(7) = (A. 7) 
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Proposition A. 10. Let v, w, a, b, c, d be vector fields on M. The following identities hold: 

a}' A A Alp = ip{a, b, c)vol 

Ab^ Ac^ Ad^ Atp = tp{a, b, c, d)vol 
Ab^ Ac^ Aw^ A{v_\tjj) = {g{v,w)ip{a,b,c) - g{a,v)(p{w,b,c) 

- gib, v)tp{a, w, c) - g{c, v)(p{a, b, w)) vol 
a' Ab^ Ac^ Ad^ Aw^ A {v^(p) = {g{v,w)ip{a,b,c,d) - g{a,v)ip{w,b,c,d) 

- 9{b, v)tp{a, w, c, d) - g(c, v)ij;{a, b, w, d) 

- g{d, v)'tp{a, b, c, w)) vol 

Proof. The first two equations follow from repeated application of (1.4). To prove the third, start 
with the (necessarily zero) 8-form 

A 6^ A A A V = 

and take the interior product with v, and rearrange terms. The fourth equation is proved similarly. 

□ 

Proposition A. 11. Let a,b,c,d be vector fields on M. The following relation holds: 

a' Ab^ A (cj ifi) A (dj '0) = (2,g(a Ab,cAd)+ V^(a, b, c, d))vol. 

Proof. We start with the relation ^ A (c" ^tp) = 3 * from Proposition A. 3. Taking the interior 
product with d, using Lemma A.l, and rearranging, we obtain 

(cj (fi) A (dj V) = 3 * (c^ A d^) -{cxdf A^ 
Taking the wedge product with Ab^ , 

Ab^ A{c^ip) A{d^ip) = 3 (a^ A b^) A *(c^ A d^) - a!' Ab^ A {c x df Aip 

= 3 g{a Ab,c A d)yo\ — (p{a,b,c X d)\/o\ 

= 3 g{a A 6, c A d)\/o\ — g{a x b,cx d)vol 

= {2g{a Ab,cAd) +ipici,b,c,d))\/o\. 

In the second equality, we used u' Av^ Aw^ Aip = ip{u, v, w)\/o\ from Proposition A. 10, in the third 
equality we used ip{u,v,w) = g{u x VjW), and in the final equality we used Corollary A. 2. □ 

A. 3 Contractions of ip and tp 

The next set of identities are various contractions of ip, tp, and their derivatives, in index notation. 
They are used repeatedly in calculations throughout this paper. 

In local coordinates , the 3-form ip and the dual 4-form ip are 

(p = ^fijk dx^ A dx^ A dx'' 

Ip = -^tpijki dx"" A dx^ A dx^ A dx' 
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where ipijk and ijjijki are totally skew-symmetric in their indices. The metric is given by Qij = 
g{-^, jgj). The cross product is a (2, 1) tensor which we write as 

where P^j = -Pjl- Prom (A.l) it follows that 

^^3k = guPlj Plj = g'^^fijk (A.9) 

Setting u = V = and w = ^ in (A. 3), we obtain 

The first set of identities is the following. 
Lemma A. 12. Let the tensors g, (p, and P be as given above. Then the following identities hold: 

PilPjk = ~^gi3 

^^okVabcg'^g''g'"' = 42 

jb kc /y 

fijkfabcg g = bgia 

y^ijk'fiabcg'"' = giagjb — gibgja — Ipijab 



Proof. We prove the fourth equation. The other three follow by contraction with g^^ and using (A.9). 
To obtain the fourth equation, take the inner product of (A. 10) with and simplify: 

^il -Pjkdmn ~ gijgkn ~t~ gikgjn ~1~ ^ijkn 
'Pilag"'™^jkbg''^ gmn = —gijgkn + gikgjn + Ipinjk 
filnfjkbg^'' = -gijgkn + gikgjn + i^injk 

which is what we wanted to show, since ipun = — fini- We also note that the second identity above 
is just a restatement in terms of indices of the fact that the pointwise norm of <p is 7. □ 

The next set of identities involves contractions of ip with i/j. 
Lemma A. 13. Let the tensors g, ip, and ip be as given above. Then the following identities hold: 

<Pijk^abcdg'''g^''g'"^ = 

Vijktpabcdg^''g'^'^ = -^'Ptab 
/ kd 

^ijkWabcdg = gia'Pjbc + gib'Pajc + gicPabj 

gajPibc gbjPaic gcjPabi 

Proof. Again, the first two follow from the third. To prove the third, we take the inner product 
of (A.8) with (A.3) and use Corollary A.2: 

/ d d d f d d w 
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But this also equals 

_ f pi 9 d d nm \ 

- S[^ab-^,-9^,-^+9^k^+^ijkng 

.^.....^ ab + 9ik9l3Kb + Kb9 giniWijkn 
= -gijfabk + 9ikVabj + Pib^ijkl 

Combining the two expressions and reaaranging, we obtain 

9ia^jkb - 9ibVjka + 9ijVabk - 9ikVabj - ^jkc'ipabiig'''' " y^abcfpijkW^^ = 

Denote the above expression by Aijkab- Then it is tedious but straightforward to check that 

^ijkab ^~ -^ajkbi ~^ ^bijka -^kijab -^jkabi — 

yields the desired identity. □ 

Finally we can contract ^ with itself. 
Lemma A. 14. Let the tensors g, (p, and ip be as given above. Then the following identities hold: 

i^mi^abcdg"'9'''9'"'9^'^ = 168 

Ajkli'abcd9^^9'"'9^'^ = '^^9ia 

'^ijkli>abcd9^''9^'^ = ^9ia9jb - ^ib9ja - ^fpijab 

'>Pijkli'abcd9^'^ = —^ajkVihc — ^iak^jbc — Vijafkbc 

+ 9iagjb9kc + 9ib9jcgka + gicgja9kb 
- giagjcgkb — gibgjagkc - gicgjbgka 

gia'^jkbc gja'^kibc 9ka'4^ijhc 
+ gabi'ijkc - gaci'ijkb 

Proof. As usual, all the identities follow from the last one. (However, this time establishing the 
third from the fourth also requires using Lemma A. 12.) To prove the last identity, we take the inner 
product of (A. 10) with itself. The calculation involves the use of Corollary A. 2 twice as well as 
Lemmas A. 12 and A. 13. The details are tedious and not enlightening, hence they are left to the 
reader. As in the case of (p, the first identity is a restatement of the fact that = 7 pointwise. □ 

Remark A. 15. The particular expression for '4'ijki'^abcd9^'^ above is not manifestly skew-symmetric in 
a, 6, c. This is due to the particular way in which it was derived. Since it of course is skew-symmetric 
in a, b, c, one can skew-symmetrize to obtain the more natural expression tpijki'4'abcd9^'^ = 

giagjbgkc + gibgjcgka + gicgjagkb - giagjcgkb - gagjagkc - gicgjbgka 

1 , , 1 , , 

~ 2 (^ibcfajk + ^aicfbjk + ^abifcjk) — ^ [fjbc'Piak + 'fiajcfibk + 'Pabjfick) 

— 2 ifkbcfija + ^akcfijb + ^abk^ijc) — ^ {giatpjkbc + gibtpjkca + gici^jkab) 

- 2 {gjai^kibc + gjbi'kica + gjci^kiab) — ^ {gka'4'ijbc + gkb'^Pijca + gkc'4'ijab) 

but since this is much more unwieldly and contains non-integer coefficients, we prefer to use the 
more manageable expression given in Lemma A. 14. 
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Next we consider contractions involving the covariant derivatives of (f and ip. 
Proposition A. 16. Let g, (p, and tp be as before. The following identities hold: 

{^■mVtjk)fabcg'''g'^g'"'' = 

V^m^ijk)^abcdg'^g^''g'"^ = -'Pijk{'^m^abcd)g'''g^''9'"^ 
{VmVijk)^abcg'^g^'' = -^i]kiSm^abc)g^^g^'' 

( Vr„ ipijki )tpabcd9'^9'"'g'-'^ = -i^ijki ( Vr„ ^abcd)g^''g'"'g^'^ 

(V™ V>ijk)'ipabcdg^''g'"^ = -fijk (V™ tpabcd)g^''g'"^ - 4 <fiiab 



and finally also 



tpabcd = -(V„ y:>abj)y^cdkg^'' - ^abA^m Vcdk)g^'' (A.ii) 



Proof. The method for establishing all of these identities should be clear. Simply take the covariant 
derivative Vm of the various equations in Lemmas A. 12, A. 13, and A. 14, and in some cases relabel 
indices to obtain the desired result. We omit the details. □ 

We also have the following important relation. 
Proposition A. 17. The following relation holds between V(f) and Vip: 

(Sn^Pijkl)lpabcdg'''g'"'g'''^ 3 mnVi]k)vabcg^''g'"' 
Proof. We substitute (A. 11) into the left hand side above, and use Lemma A. 13 to obtain: 

- ((Vn (pijp)Lpklqg'^'' + fijpiVni Vklq)g'^'') abcdg^^ 9^" 9^"^ 

= -(v„ ip^Jp)g^'^g'\iPqMi^abcdg^''g^'^) - (V™ mq)g'"'g'"'g^'^{^pij-^cdabg^'') 

= - (V„ (/^yp),gP«.g^''(-4 ipgab) 

- (Vn ^klq)g^'' g'''^ g'''^ [gpc^ida + gpd^cia + gpa^cdt - gic^pda - gid^cpa - gta^cdp) 
= 4(V„^i,p)(paM''V'' + + 

- (V™^«g)((5«5'^9'Vc* - 5b'"'g'''vpda - ^k^'^'Vcpa - giag'"'g'''g'''^cdp) 
= 4 (Vm ^ijk)<fabcg'^g^'' - (V™ (pkia)'Pcdig'"'g^'^ + (V™ <Piiq)ippdag^'^ g^"^ 

+ (Vm v>kiq)<pcpag^''g'"' + (Va ipkiq)<Pcdpg^'^g'"'g^'^gia 

Using Proposition A. 16 on the second and final terms, the final term vanishes and the remaining 
terms all combine (after relabelling some indices) to yield 

3(Vr„(^yfe)<^a6c5-'V'' 

and the proof is complete. □ 
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B Review of Basic Flow Formulas 



In this section wc briefly review several formulas that are used frequently when studying geometric 
flows. Let (yM.g) be an oriented Ricmannian manifold. Wc choose local coordinates 
and denote the Riemannian metric by gij — g{-^, gfj)- The associated volume form is then vol = 
■^/det{g) dc^ A ... A cfc". We use g'^^ to denote the inverse matrix to gij, and g^^ is the induced metric 
on 1-forms: g^^ = g{(kf,dx^). 

Lemma B.l. Suppose gij depends smoothly on some parameter t. Then 
Proof. We differentiate the relation gkig^-' = <^?, to obtain 



as claimed. □ 

Lemma B.2. Suppose gij depends smoothly on some parameter t. Then 

d f d \ - 

— det(6-) = ( ).9'^det(g) 

d . I { d 



Proof. The second formula follows easily from the first, using the local coordinate expression for the 
volume form. Cramer's rule from linear algebra says 

gikG''^ = det{g)Si 

where is the classical adjoint of gij, the transpose of the matrix of cofactors. Note that — 
det(g) ^''^ • "^^^ determinant det(g) is a linear function F{gi, . . . , gn) of the columns gi,. . . ,gn of the 
matrix gij. Therefore 

^ det(sf) = F(^5i,5f2, ...,g„)+ F{gi, ^52, ...,g„) + ... + F{gi,g2, y„) 

where, for example, F{^^gi,g2, ■ . ■ ,gn) is the determinant of the matrix gij with the first column 
gn replaced with ^7.9^1. Now we expand the first of these determinants along the first column, the 
second along the second column, and so on. We obtain 

|<<«)g« = (!<,«) /^detto) 
which completes the proof. □ 
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